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Abstract. This paper generalizes Bismut's equivariant Chern character to 
f*H ^ the setting of abehan gerbes. In particular, associated to an abelian gerbe 

, with connection, an equivariantly closed differential form is constructed on 

the space of maps of a torus into the manifold. These constructions are made 
explicit using a new local version of the higher Hochschild complex, resulting in 
differential forms given by iterated integrals. Connections to two dimensional 
topological field theories are indicated. Similarly, this local higher Hochschild 

O- complex is used to calculate the 2-holonomy of an abelian gerbe along any 

' closed oriented surface, as well as the derivative of 2-holonomy, which in the 

LJ ' case of a torus fits into a sequence of higher holonomies and their differentials. 
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1. Introduction 

In [B] , Bismut introduces the equivariant Chern character of vector bundle with 
connection over a manifold, E — > M. This is done via analytic means, which results 
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in a periodically closed form on the free loop space of the base of the bundle. The 
idea for constructing such a class was to provide a twisted counterpart for the 
view, suggested by Witten and carried out by Atiyah [51, that the index of the 
Dirac operator, given by a path integral over the loop space, can be calculated 
by stationary phase approximation of an invariant symplectic form on the loop 
space of the manifold. Bismut's equivariant Chern character is the contribution 
to the integrand of this path integral over the loop space, necessary to take into 
account the effects of the connection on the axillary bundle used for twisting the 
Dirac operator. Thus, localization techniques, that gave rise to Jj^ A{TM) in the 
untwisted case, would now yield A(TM) A Ch{E), as expected by the classical 
index theorem of the twisted Dirac operator. 

More recently in [Ha], the Bismut Chern character has appeared in the passage 
from a 1|1 supersymmetric (SUSY) field theory on M, determined by a connection 
on a vector bundle on M, to a 0|1 supersymmetric field theory on LM. This 
work relies on constructing a SUSY field theory out of a vector bundle and a 
superconnection as described in [D]. Naively, a bundle and a connection can be 
thought of as a 1-dimensional field theory in which to zero dimensional objects, 
points, one assigns a vector space, the fibre of the bundle above the point, and to 
one dimensional objects, paths in M, one assigns a map between the vector spaces 
assigned to the end points. In [D], this scheme is generalized to 0|1 dimensional 
objects, super points in M, and 1|1 dimensional objects, or super paths in M. 
Furthermore, by thinking of the space of maps R"'^'^ — t' M as the space of maps 
MP^^ — ^ {M^l" M}, one can get from a 1|1 theory on M to a 0|1 theory on the 
space of paths in M and similarly LM, as described in |Haj . 

Further work is on the way, as part of the general Stolz and Teichner program 
( [ST| ) of understanding the concordance classes of supersymmetric field theories, to 
construct 2|1 supersymmetric field theories associated to gerbes, in much the same 
way 1 1 1 theories were constructed out of a bundle endowed with a superconnection, 
see [D]. One can then interpret such 2|1 theory on M as a 0|1 theory on M^, the 
space of maps from the torus T to M, using the adjunction {M^'^ — ^ A/} ~ {M^^^ — > 
{]r2|o M}}. We learned this picture from P. Teichner and S. Stolz. 

Inspired by such connections to supersymmetric and non-supersymmetric field 
theories, we address the naturally arising question of the extension of the holonomy 
of an abelian gerbe to a torus equivariant class on the mapping space of the torus 
T into M. 

In [GJP] the authors reinterpret Bismut's construction using Hochschild complex 
of matrix valued forms, given an imbedding of the bundle and connection into 
a trivial bundle. This work shed light on the Bismut class and gave a specific 
Hochschild cocycle manufactured from the connection and its curvature. This class 
produced was later shown in [Z] to be independent of the imbedding and connection. 

In this paper, as a warm up, we review and provide a conceptual and more 
fundamental, pre-trace, interpretation of this construction in terms of holonomy, 
its covariant derivative, and other naturally constructed higher degree forms and 
their covariant derivatives. More explicitly, we think of holonomy, hoi € n°(LM, £), 
as a section of the puUback of the endomorphism bundle on the free loop space via 
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the map that sends a loop to it's base pomt, 

£ ^ End{E) 



LM 

This bundle on the loop space has an induced connection with respect to which we 
can take the covariant derivate of the holonomy as a section. The result is a 1-form 
on the free loop space with values in this pullback bundle. We then show that 
there is a naturally defined 2-forni with values in this bundle whose contraction 
with the natural velocity vector field on the loop space is the covariant derivative 
of the holonomy. One then asks what the covariant derivative of this naturally 
defined 2-form is, and the answer turns out to be a 3-form which itself is given 
by the contraction of a naturally defined 4-from on the loop space. This process 
continues ad infinitum to produced an infinite sequence of naturally defined even 
degree forms on the free loop space, starting with the holonomy 0-form, 

Theorem 2.18. For all k > we have forms hol2k G il'^'^{LM,£), where HoIq = 
hoi is the holonomy, such that 

V*hol2k = -Lthol2k+2 e n^''+\LM,£). 
where it is contraction by the natural vector field on LM given by the circle action. 

The result can be repackaged as something whose covariant derivative is basically 
the same as it's contraction with respect to the canonical vector field on LM. One 
notes that trace of the covariant derivative of a form with values in the pulled 
back bundle is the same as the exterior derivative of the trace of the form. This is 
due to the simple fact that the induced connection on the endomorphism bundle 
is obtained from the connection on the bundle using a commutator and that trace 
is zero on commutator of matrices. Therefore, by applying trace to the above 
construction, one obtains an equivariantly closed form which is in fact equal to the 
Bismut class. 

Corollary 2.19 ([B], [GJP]). For Ch'-''\E;V) Y.k>oU^^hol2k, where u is a 
formal variable of degree 2, we have, that 

(V* +u-tt) (c/i(")(£;; V)) =0. 

We emphasize that this last result is derived in section |3] using a local version 
of the Hochschild complex, which is suitable for the local data of a bundle with 
connection, see theorem 13.131 and corollary 13.141 It is this local version that we 
generalize to the case of abelian gerbes with connection. 

The second part of this paper (sections|4]and[5|) comprise an analogous discussion 
for the 2-holonomy of an abelian gerbe. Namely, starting with an abelian gerbe on 
M , and given a fixed closed oriented surface S, one can consider 2-holonomy as a 
real valued function on the mapping space M^. We again use a local version of 
(higher) Hochschild complexes, which are suitable for the local data of an abelian 
gerbe with connection. Note that the situation is in some sense simpler than in the 
case of the bundle, since 2-holonomy is now complex valued. This is due to the fact 
that we are considering abelian gerbes, which are higher analogues of 1-dimensional 
vector bundles. 
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Section |4] considers the case of the torus E = T, where we regard 2-holonomy as 
a real valued zero form on the mapping space, hoi £ ri°(Af^), so that one can ask 
what is its exterior derivative. We show that the result is a 1-from on M"^ which is 
the contraction of a naturally defined 2-form on Af^, with respect to a killing vector 
field on the torus. There are many such 2-forms: one for each choice of the killing 
vector field on the torus. Similarly to the bundle case above, we give a hierarchical 
construction which extends 2-holonomy to an equivariantly closed element on the 
torus mapping space. More precisely, we obtain the following theorem and corollary. 

Theorem 4.17. For all k,£ > 0, we have forms hol2k,2i G fi^'''+^'^(Af^), where 
hola^o — hoi is 2-holonomy, such that 

d{hol2k,2l) = -Lt{hol2k+2,2e) = -l'u{hol2k,2e+2), 

where it and contraction by the two natural vector fields M'^ given by the 

two circle actions from the torus T = x . 

Corollary 4.18. For a + b = 1 we have 

ChiG, a, b) J2 • • hol2k,2e e 0(M^)'™(*+") 

k>0,i>0 

is a closed element, that is, (d + it + Lu){Ch{Q, a, b)) = 0. 

In this description of the equi variant Chern character, we omitted the use of 
any formal variables. The reason for this is that without formal variables, we 
can determine an interesting relationship between the equivariantly closed classes 
Ch{E;V) J2k>o^'^^^'^ Ch{Q,a,b) for a suitable setting, (see also remark 
I4.19|) . In fact, in section 231 we recall a well-known construction starting from an 
abelian gerbe on M to induce a line bundle E with connection A on the free loop 
space LM. Using this construction, we show that the equivariant forms can be 
identified. 



Then there is an induced map \ such that 



a b 
-I 1 



e SL{2, 



Corollary 4.24. For a, & £ R with a + b ^ 1, let cf)afi 

:p $^ 

(Kir C h{g, a, b)^Ch{g, 1,0). 

Furthermore, the adjoint map T : L{LM) — )■ M"^ ,T{'-^){t,u) — ^{t){u), induces a 
map r* such that the equivariant Chern classes are identified with each other, 

T* o{^~];)*Ch{g,a,b)=Ch{E;A). 

In the last section [SJ we consider the case of a general surface S. We show how 
to produce the gerbe holonomy hoi £ r2°(Af^) via local Hochschild methods, and 
calculate its De Rham differential in proposition 15 . 121 as doR {hoi) — i ■ It{H) A hoi, 
where H denotes the 3-curvature of the gerbe. However, unlike the case E = T, 
we do not have any natural candidates to complete holonomy to an equivariantly 
closed form. 

We hope that the viewpoint presented in this paper is also suitable for defining 
2-holonomy for non-abelian gerbes, with the principle being that, in the non-abelian 
case, one must exponentiate in the local Hochschild complex before applying the 
iterated integral. Furthermore, the local nature of our description also seem to be 
central in understanding the holonomy of not only non-abelian gerbes, but also 
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higher dimensional analogs of gerbes. We hope to come back to this and discuss 
these issues in a future work. 
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Convention 1.1. We now give some sign conventions that are used in this paper. 

(1) We denote by A'^ ^ {(ti, ...,tk) £ R''|0 < ti < ■ ■ ■ < tk < 1} the standard 
k-simplex, which we will also simply write as A*"' = {0 < < • • • < tfc < 1}. 
The k-simplex A'' C obtains an orientation induced from M.'' , i.e. we 
take the volume form dti A • • • Adtk- For example, for a {k,i)-shuffle a the 
induced map P"^ : A'=+^ ^ A*^ x (ti < • • • < tk+i) ^ < • • • < 
ia(k),'tc{k+i) <■■ < ta(k+e}) is orientation preserving iff sgn{a) ^ +1. 

(2) If X is a manifold with boundary dX, we call the induced orientation on 
dX the one for which Stokes' theorem holds without signs in all dimensions. 
Namely, the orientation of X is given by the outward pointing normal vector 
of dX , followed by the orientation of dX . In particular, the i*'' boundary 
component diA^ = {0 < ti < • • • < ti = t^+i < • • ■ < tfc < 1} o/ A*^' has 
outward pointing unit vector -^(^— ), so that the induced orientation 

on d.A^ ^s g^ven by (-l)-i • { J^, . . .T^, J" + ai^, aife, • • • , Jrl- 
Thus, the canonical map A'^"^ — > diA^,{ti < ■■■ < ti < ■■■ < tk-i) ^ 
(ti < ■ ■ ■ < ti < ti < ■ ■ ■ < tk-i) is orientation preserving iff i is odd. 

(3) If X is a compact manifold with boundary, and Y is another manifold, we 
denote by the integration along the fiber of a form uj = /(x, y)-dxi-^ . . . dxi^, A 
dj/jj . . . dyj^ G il{X X Y) the form. 



u! : 

X Jx 



( / f{x, y)dx,, . . . dx.^'j ■ dy-j^ . . . dy^^ G n{Y). 



We can calculate the De Rham differential doR of an integral along the 
fiber as follows, 

doRiio) = f di^iu) + f dlj,{u) = I UJ+ { I A- 

Jx Jx JdX \JX / 



X 

2. EQUIVARIANT ChERN CHARACTER FOR VECTOR BUNDLES 

In [B] Bismut introduces the equivariant Chern character of a complex vector 
bundle with connection over a manifold. This is done via differential-geometric 
means with the result an equivariantly closed element on the free loop space of the 
base of the bundle. 

In [GJPj the authors reinterpet Bismut 's construction by using Hochschild com- 
plex of forms on the base, which under mild assumptions is an algebraic model for 
the free loop space. This viewpoint is clarifying as a specific Hochschild cocycle is 
produced using the connection and its curvature. To do this, Getzler, Jones, and 
Petrack imbed the line bundle in a trivial bundle such that the connection on the 
subbundle is the restriction of the derivative of a function on the total space of the 
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trivial bundle. This class produced was later shown in jZ] to be independent of the 
imbedding. 

In this section we review and provide another interpretation of the equivariant 
Chern character. The new viewpoint is that the class produced is a closed, equivari- 
ant extension of the classical holonomy function on LM , induced by the connection. 
Indeed, the curvature allows us to construct a collection of even degree forms, which 
we call higher holonomy Junctions^ solving a certain set of linear equations related 
to exterior derivative and contraction by the natural vector field on LM. These 
imply that the total sum of these functions is a equivariantly-closed function on 
LM. 

Convention. Since this work is intimately related to the Chern character, we will 
choose to work with complex vector bundles and complex valued differential forms. 
Nevertheless, many of the results below, in particular those expressing holonomy 
and it's higher extensions using local Hochschild methods, work equally well in the 
setting of real valued vector bundles and forms. 

2.1. Definition of holonomy. Let E ^ M he a. sub vector bundle of M x C" -7- 
M and assume M x C" M has a connection given by a globally defined matrix 
valued 1-form A G il^{M, End{C")), keeping E ^ M invariant. Note that every 
abstract vector bundle and a connection, up to isomorphism, is realized in this 
way. For a path 7 : [0, 1] — > M let Po["f) be the path in E given by parallel 
translation. This function is defined by solving the the ordinary differential equation 
x'{t) = x{t)A{t) in EndiC"-) with initial value x(0) = Id, where A{t) = A{y{t)), 
whose unique solution given by the matrix 

(2.1) Poh) = y.f Aih)---A{tk)dh---dtk 

where A*"' is the set of numbers < ti < ■ ■ ■ < tk < 1 and A{t) is, in the local 
trivialization, the connection matrix of 1-forms evaluated at Y{t). 

This matrix is to be interpreted as an endomorphism from £^-y(o) to E^(^i^, which 
are identified in the local trivialization. Similarly we may define Pgi'^)- These 
functions satisfy — (Pf)^ and P^ o — P^, which implies we can define 
parallel translation along any path by covering the path with local trivializations. 

For paths that are loops, this parallel transport Pq produces a section of a bundle 
of the free loop space LM, which we now describe. Consider the pullback of the 
induced bundle End{E) — >■ M with induced connection, via the map cvq : LM M 
given by evaluation at time zero, i.e. £ := (evo)* {End{E)). 

£ ^ End{E) 



LM ^ M 

Now, Pq induces a section oi £ ^ LM, which we denote by hoi : LM 
Generalizations of these facts will all be proved in the next chapter. 
Let us denote the pullback connection on £ — > LM by V*. 

Proposition 2.1. For any vector field x along 7 we have 

V*hol{j, x) = f P/(7) o R{i{t),x{t)) o P„*(7)dt 
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where R is the curvature of the connection on E ^ M . 

For line bundles this formula reproduces the known formula for exterior deriva- 
tive of the holonomy function on the free loop space, see jBr[ p. 234, proposition 
6.1.1(2)]. 

One can give a direct calculus proof of this proposition, by considering a path 
of loops, and calculating the total change in holonomy by computing along small 
squares that partition this homotopy. We will see instead this formula arising 
algebraically, after giving an interpretation of holonomy using Hochschild complexes 
and iterated integrals (see proposition 12 . lOp . 

From this proposition we have the following well known corollaries. 

Corollary 2.2. Denote by t the natural vector field on LM coming from the circle 
action. Then, the function hoi : LM £ has the following two properties. 

(1) If A is a flat connection then hoi is a flat section, i.e.V*(/ioZ) ~ 0. 

(2) \7;hol = 0. 

Proof. 

(1) Since A is flat, we have i? = in proposition [2lTJ 

(2) Vt*W(7) = itV*M(7) = PHl) o i?(7'(i),7'(i)) ° P^{l)dt = 0. 

□ 

We'll see that more elaborate versions of these corollaries will also appear natu- 
rally in our algebraic setup (see corollarv l2.1ip . 

We continue with our assumption that our vector bundle and connection are 
imbedded in a trivial bundle with fiber C" and possibly non-trivial connection. 
(This includes the case of a local trivialization of a bundle restricted to a contractible 
neighborhood.) In this case, the connection of E can be written as a 1-form A on 
M with values in the associative algebra qI = gl(C"), and as we explain below, the 
holonomy function hoi above is realized as a Chen iterated integral. 

2.2. The Chen iterated integral map and holonomy. In this subsection, we 
recall an alternative description of the holonomy, using Chen's iterated integral 
map, as it was used by Getzler, Jones, Petrack in |GJP| . First, we recall the 
Hochschild chain complex of an associative algebra (with values in itself), which is 
an associative algebra under the shuffle product. 

Definition 2.3. For a differential graded associative algebra A, the Hochschild 
chain complex is given by CH,{A) — 0„>o ^i?) (^[1])*^", where [1] denotes a shift 
down by 1. Thus, the grading given by declaring a monomial oq (E* • • • ® a„ G 
A (g) (A[l])®" to be of total degree |ao| -I- • • • -f |a„| — n, where \ai\ is the degree of 
Oi. The differential is given by 

n 

D{aa (S) ■ ■ ■ (E) On) = - ^(-l)l''°l+-+l'''-^l+'"^ao • • • d(a,) ® • • • «) a„ 

i=0 
n-1 

- I](-l)'"°'+'"+'''"'+'«o • • • (a» • a,+i) ® • • • ® a„ 

1=0 

+ (_l)(k„| + l)(|ao|+- + |a„_i|+„-l)(^^^ ■ ao) ai » • • • fln-l. 

The shuffle product on CH,{A) is defined by 
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(ao (El ai (g) . . . (g) a„) • (og (g) a„+i ® . . .® 

= (-l)''(ao-ao)«)a<,-i(i)(g)...®a^-i(„+™), 

cr€:5'(n,m) 

where S{n,m) is the set of ah (n, m)-shuffles, S{n,m) = {cr G S'n+m : 1^(1) < 
• • • < (T(n), and (j{n + 1) < • • • < (j{n + m)}. The sign (—1)" is the Koszul sign, 
determined according to the (potentially shifted) degrees. 

The shuffle product is associative and, if A is graded commutative, then D is a 
derivation of the shuffle product and the shuffle product is graded commutative^. 
The example of interest here is A = ri(Af; gI(C")) with the De Rham differential 
doR- 

The space LM = naturally inherits the structure of an infinite dimensional 
Frechet manifold flT. In this context, vector fields, differential forms, contraction 
by vectors, the exterior derivative, etc., are all defined (and enjoy the similiar 
properties) as in the finite dimensional case. We denote the differential forms on 
LM with values in ^[(C") by n{LM- g[). 

Definition 2.4. The Chen iterated integral, It : CH,{D.{M;q\)) Vt{LM]Q\) is 
defined as follows. For a monomial ao ■ • • ® a„ with G ri-''(M; gl) we have 
/i(ao ® ■ ■ ■ ® an) e Vl^{LM\ g[), where k — ~ value of this /c-form 

at a loop 7 with vector fields a;i, X2, . . . , Xfe along 7 is defined to be 

/i(ao ® • • • ® a„)^(a;i,X2, . . . ,a;fc) 




[ao(0) A itai(^i) A • • • A tta„(t„)](xi, . . .,Xk)dti ■ ■ ■ dt, 



where t is the canonical vector field on LM coming from the circle action, so that 

ita{t){yi, . . . ,y^) = a^(t) (7'(i),?/i(7(i)), . . . ,2/„(7(t))) . 
In short, we have 

(2.2) /t(ao (g) • • • ® a„) = / ao(0)ttai(ii) • • • tta„(i„)dii . . . dt„. 

Conceptually, this integral is understood using the evaluation map and integra- 
tion along the fiber, as we will explain now. If we denote by ev : LM x A" — > 
^x(n+i) evaluation at the given times, 

ev{-t, (0 < ii < • • • < t„ < I)) = (7(0), 7(ii), . . . , 7(t„)) 

and consider integration along the fiber A" in the diagram 

LM X A" M^("+i) 
LM 

then, up to a sign of (_l)("-l)kl| + («-2)|a2|+- + |a„-i|+n(n-l)/2^ ^j^g 

iterated integral as the composition (see jGJP| section I]) 

/ib(M)«"+i : ^{M,2l) ® r!(M,g[)[I]«" ^ n{LM x A",0l) H n{LM,Ql). 

^In the non-commutative case, the Hochschild differential need not be a derivation of the shuffle 
product, see [TTW| . 
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We have the following lemma concerning the relationship of holonomy and the 
algebraic structure of the Hochschild complex. 

Lemma 2.5. Given A £ il.^{AI;gt) we have 

hoi = It{e^'^^) 

where e^'^^ e CH,{n{M; gl{V))) is given by 

A:! 



k>0 



Proof. The signs in the shuffle products and the iterated integral are all positive, 
so the formula for It{e^^"^) agrees with the definition of holonomy in equation 

(EH). □ 

From the theory of ODE's, it is well known that the holonomy function (or more 
generally parallel transport) satisfies a gluing property along composable paths. 
We give a purely iterated integral proof of this fact, which we will also use later. 

Lemma 2.6. Let X be an odd form on M with values in qL Let 71 : [a, b] — > AL 

and 72 : [b, c] M such that 71 (fe) — 72(^)7 cind let 7 = 72 o 7i : [a, c] — t- M be the 
composition of the paths. Then 

/t(l,X,...,X)(7)= V /i(l,X,...,X)(7i)./t(l,X,...,X)(72) 

^ ^ ^ ^ ^ " ^ 



ki+k2=k '^^ 

Moreover, if A d D,{M;qI), then we have 

/t(ei«^) (7)=/t(ei«^) M-Lt{e'^^) (72) 

Proof. We denote by Aj^^j ^ {r < ti < ■ ■ ■ < tj < s}. For the first statement, we 
must show 



la,"] 



LtXiiti) . . . LtX{tk)dti ...dtk 

= J2 LtXl{tl)...LtXitk,)dtl...dtkA 

fcl.fc2>0 \ [o.b] / 

ki+k2—k 

• / itXi{ti)...LtX{tk2)dti...dtk2 
We use the calculus notation for the integral over Aj"^ , 

{...)dti...dtk - / / ••• / / {...)dti...dtk. 



With this notation, we can write 

fb i<S2 



ij ■ J LtX{si) . . .LtX{ski)dsi . . .dski 



ki+k2=k 



LtX{ti) . . . LtX{tk2)dti . . .dtk.^ 
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/•■•/' / ■■■ [ ' LtX{si)...itX{sk,)itX{h)...itX{tk,) 

, ^ b J b J a J a 



ki.k2 >0 
fcl+fc2=fc 



dsi . . . dsk^dti . . . dtk2 ■ 

Since Aj;^^, ~ [Jk^+k^^k ^"[Ib] ^ ^[b,c] ' may repeatedly use the relation J^^ + j^' 



f ' to obtain 

J a 



a J a 



t2 



LtX{tl)...LtX{tk)dtl...dtk= / LtXl(tl)...LtX{tk)dtl...dtk. 



Af , 



The second part follows from the first, since 



/ •••/ LtA{si) . . .itA{ski)dsi . . .dski \ 

r.. _n J a J a J 

^ / ••• / tt^(ii)...it^(ifejd^i 

7 n . . .J a J a 



k—0 k-i.k2>0 

ki+k2 = k 



t2 

LtA{ti) . . . LtA{tk2)dti . . . dtk2 



°° rc pt2 

J2 ■■ ^tA(ii) • • • itA{tk)dt, ...dtk^It (ei«^) (7). 



□ 



Remark 2.7. Under the hypothesis of the previous lemma, a similar argument 
shows 

It{{l®uj®^)*e^®'^) (7) 

= /i((l®w»''0»e'^^) (71) •^i((l®w»''')»e'^^) (72) 

k-i,k2>Q 

ki+k2=k 

for any odd form uj. 

We are now interested in computing the exterior derivative of the holonomy 
function. We note that in the case of g[-valued forms, the iterated integral map 
is not a chain map with respect to D on CH,{V,{M; qI)) and the exterior doR on 
r2(LM;0[). We do have the following proposition, which is essentially proved in 

[ciiEaiGjp]. 

Proposition 2.8. We have: 
dDR{It{ao (X) oi • • ■ (8) a„)) 

n 

= - ^(-l)l'^°l+-+l'^'-il+*-i/t(ao «) ai • • • ® d(a,) • • • (g) a„) 

i=0 
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n-1 

- ^(-l)l°"l+'"+l''-l"*/t(ao ® ai ® • • • «) (a» • flj+i) ® • • • a„) 
+ (_l)(l«„l+i)(kol+-+|a„_i|+n-i)^^((^^^ . ao) «> ai(^ • • • ® a„-i) 

_ (_l)(|a„| + l)(|ao| + - + |a„_i|+„-l)^^^ . j^^^^ ® Qi . . . ® a„_i) 

+ (_l)kol + |ai|+- + |a„_i|+n-lj-^(^^ ® Oi • • • a„_i) • a„ . 

Proof. See, for example, |GJP1 Proposition 1.6]. A more general version will be 
proved in proposition 13.61 below. □ 



From this we can conclude 
Proposition 2.9. Let A e Q^{M;5i). Then, 

ItiDe^^"^) = V*It{e^'^^) = V*hol G n\LM;gl{V)) 
In particular, V*hol is a Chen form. 
Proof. Applying the previous proposition to 

l(S) A(g)- - -(E)A 

k 

and summing over all fc > we get 

dDRltie^®"^) = ItiDe^®"^) - AIt{e^®^) + It(e^®'^)A 

Since V* is the puUback of the induced connection from End{E) — > M, it is locally 
given by V* = duR + [A, — ], so that the statement follows. □ 

Proposition 2.10. We have the following explicit formula 

De^®^ = (1 (g) {-R)) • e^®^ 
and the associated iterated integral formula 

V*hol I -itA{ti) ■ ■ ■ LtA{t^-i)LtR{t,)itA{t,+i) ■ ■ ■ itA{tk)dti . . . dtA . 

k>0 \ .=i -^^^ J 

For line bundles we have 



V*hol = It {1(g) i-R)) A hoi ={^- 



LtR{t)dtj A hoi 



Proof. The formula De^®^ — {1 ® {—R)) • e^'^'^ follows immediately from the 
Hochschild differential since since R — dA + A^ . 

The second equation is obtained by applying the Chen iterated integral to 
£)gi®A _ ^2 (— i?)) • e^*^"^, and using proposition 12.91 and the formula for the 
Chen iterated integral, equation (|2.2p . 

For line bundles we have C-valued forms, so that the third equation follows 
from the well-known fact that the iterated integral takes the shuffle product in the 
Hochschild complex to the wedge product of forms, c.f. |GJP[ proposition 4.1] or 
the more general proposition 15.61 below. □ 



Corollary 2.11. 

(1) The connection A is flat if and only if De^®^ = 0, and furthermore, if A 
IS flat then hoi = It{e^'^'^) is V* -fiat, i.e. \7*{hol) = 0. 
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Figure 1. The relation '\7*{hol2k) = -i-t{hol2k+2) 

(2) For the natural vector field t on LM given by the circle action, we have 
that 

LtV*hol = 

Proof. The two claims follow from the preceding proposition. For the second we 
use the fact that for any 7, the 1-form V*hol vanishes on t at 7 since the factor 
i?(7'(i), x) in the integrand is zero when x — d/dt{'-/) — 7'. □ 

Our final lemma concerning the properties of hoi is the following 

Lemma 2.12. Let tr : il{LM;gV) — > fl{LM;C) be given by the trace. Then 

dDR{tr{hol)) = tr{\7*{hol)) 

Proof. By the chain rule we have 

dDR{tr{hol)) = tr{dDR{hol)) = tr {doRihol) + [A, hoi]) = tr{V* (hoi)). 

□ 

2.3. The higher holonomies hohk- Using the facts from the previous sections, 
we now describe how the equivariant Chern character arises naturally by inductively 
solving a sequence of linear equations involving Vi^^{LM\ g[(C)). Starting from the 
holonomy function hoi, which we denote by 

(2.3) hol^ := hoi e n"{LM; 0[(C")), 

we seek higher forms hol2k G ft^''{LM; gl{C")) such that for all fc > we have 

(2.4) y*{hol2k)^-itihol2k+2). 

The last equation (12.41) is depicted in figure [TJ This is motivated in the first 
case, \7*holo — —Lthol2, by the fact that the necessary condition itV*/io/o — 
— {it)^hol2 — indeed holds by corollarv l2. 111 ^2). To define the higher holonomies, 
it is convenient to introduce the following extended iterated integral map E. 

Definition 2.13. Denote by : CH,{n{MxS'^;gl)) n{LM;Ql) the composition 
of the iterated integral map It : CH,{n{X x 5*^01)) ^(HX x S^);gl) for the 
cartesian product X x S-^, with the pullback of the map p : Q,{L{M x 5^);g[) — > 
Q.{LM;q\) of the map p : LM L{M x 5^) where p{-i){t) = (7(i),-i). More 
explicitly, the extended iterated integral map is given hy E = p* o It, 

E : CH,{n{M X S^;gl)) ^ n{L{X x S^);gl) n{LM;gV). 

Remark 2.14. The above definition is motivated by a similar extended iterated 
integral map used by Getzler, Jones, and Petrack in jGJP] to define the equivariant 
Chern character on the free loop space. More precisely, the extended iterated 
integral map in [GJP| is defined as the composition. 



A" 
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where It and p* are extended linearly over k[u\, and is thought of as a k[ui, U2] 
module via ui 1— >■ m and U2 n- u. 

An explicit formula for the map E is given in |GJP| section 5] Namely, 
(2.5) E{{ao + bodt) ® . . . (a„ + bndt)) = 

ao(0)(ttai(ii) - hiti)) ■ ■ ■ (i-tanitn) - bn{tn))dti ■ ■ ■ dt^ 

It follows that we can rewrite the holonomy using the map E. 

Lemma 2.15. We have holo = It{e^'^^) = E{e^'^^), where, by abuse of notation, 
the 1-form A in the last expression is taken as the pullback 0/ A £ r2^(M, gl) along 
the projection AI x ^ M . 

We now define the higher holonomies hol2k G ^'^''{LM;qV), which serve as cor- 
rections for the failure of V*hol = 0. Here, the term "higher" refers to the higher 
degree of the forms. 

Definition 2.16. Denote by A G n^{M,Ql) our connection 1-form, by i? = dA + 
A^ G f2^(M, gl) the curvature, and denote by dt G f2^(5^) be the canonical 1-form 
on the circle . By abuse of notation we will use the same symbols for the forms on 
M X given by pullback under the projections AI x ^ AI and M x ^ S^, 
and we denote by Rdt G il^{AI x S^,qI) the product of R and dt. We define 
hohk e ri2'=(iM;0[) by, 

f)2fe := (^l(E){-Rdt)(E) ...(g){-Rdt)^ •e^'"'^'^ eCH,{n{M X S^;gl)), 

k tensor factors 

hol2k ■= -E(f)2fc). 

The following lemma expresses the higher holonomies as iterated integrals. Heuris- 
tically, hol2k is given by an iterated integral similar to holo, where we replace exactly 
k copies of LtA by the curvature R. 

Lemma 2.17. We have the identity 

hohk = y] y] / Xiiti) ■ ■ ■ Xjnitm)dti ■ ■ ■ dtjn, 



A" 



where 

X.(t.) = l ^(^j) ifj(^{ji,---Jk} 
■' ■' LtA{tj) otherwise 

Here R(tj) is a 2-form taking in two vectors on a loop 7 at j{tj). 

Proof. If we apply the definition of shuffle product, all of the signs are positive, 
since A and Rdt are odd, and we obtain 

EH)2k)^EiY, l(SXi(x)-.-(^X„ 

\m>k l<3l<---<jk<m 
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where 

-Rdt a j e {ji,. . . ,jk} 



1 A otherwise 

Now using the formula for E in (|2.5|) . we obtain the claim. □ 

Wc now prove our main theorem of this section. 

Theorem 2.18. For all k > we have that 

V*hol2k = —Lthol2k+2- 
These terms are given by the explicit formula 

J2 J2 [ Xiih) ■ ■ ■ X„,{t„,)dti ■ ■ ■ dt^, 

m>fc+l 1 < Ji < • • • < Jfc < m 

1 < s < m, with s ^ Ji , ■ . . , ifc 

where 

( R{tj) ifje{ji,...,jk} 
Xj(tj) = l -itR{tj) tfj^s 

I LtA{tj) otherwise. 

Proof. We first show that W*E{t)2k) = ED{t)2k), where V* = doB. + [A{0), -]. To 
do this we calculate dE{i)2k)- Expanding E{t)2k) as in the proof of 12.171 and using 
the fact that E = p* o It and p* is a chain map, it follows from proposition 12.81 that 

{m 
- ® Xi ® • • • ® dX, (g) • • • ® 

m>k l<ii<---<J''fc<?7i '- i—1 
m— 1 

- Y -^^(1 ® ^1 ® • • • «) {XiX,+i) (g) • • • (K) Xrn) 

1=1 

- Xi{0) ■ It{l ® ^2 ® • • • ® X„,) + It{l ® Xi (g) • • • ® X„,_i) • X^{0)] 

where 



-Rdt if J e 

A otherwise. 



and Xi{0) = cvqIXi) with cvq : L{M x S*^) — > M x S*^ being the evaluation at time 
zero. Note that since the composition evQ o p : LM — )■ L{M x S^) M x sends 
7 to (7(0), 0), the puUback p*{Rdt{0)) is zero. Therefore, the last two terms in the 
sum are zero whenever Xi = —Rdt, or X,„ = —Rdt, respectively. So we have 

(2.6) doR op* o It{i)2k) = p* o doR o It{t)2k) 

{m 
7n>k l^ji <---<jk ^I'lT- 



m— 1 



- Y ^^(1 ® ^1 ® • • • «) {XiX,+i) (g) • • • (K) X,n) 

A{Q) ■ It{l (g) Xi (g) ■ ■ ■ (g) X„i) + It{l (g) Xi (g) ■ ■ ■ (g) X„i) ■ A{Q)] 
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with the same Xj as before. On the other hand, by definition [ 



(2.7) Dtj,, E 



- ^ 1 (g) Xi • • • dXi (g) • • • (g) Xm) 

7n>k <• " <ifc <ni L i— 1 

m— 1 

- ^ 1 ® Xi g) • • • (g {X,X,+ i ) g) ■ • • (g) Xm) 

i=l 

since for all Xi, . . . , X^, with Xj e {A, —Rdt}, the terms A (S) Xi (S) ■ ■ ■ <E> Xm and 
(g) Xi (g • • • g) Xm all appear twice and cancel by sign due to A and Rdt being 
odd. Therefore equation (|2.6p shows that 

Now we calculate \/*{hol2k) — ED{l)2k) explicitly. Using the relations dA+A^ — 
R, dR + [A, R] = 0, and (Rdt)'^ = 0, we obtain from equation (P?7)) that 

m 

D{i)2k)= E E E l®Xi(g)---(g)X^, 

7n>k+l S—1 l<ji<-<jfc<m 

where 

r -R ifj^s 

[ A otherwise. 
By the formula (|2.5p for the extended iterated integral E, we have that 

m „ 

V*(/io/2fe) -£;i?(f)2fe) - E E E / ^i(^i)---^r„(t™)dii---di™, 

r?j>fe+l s=l l<3i<- -<3j.<m 

jl,... Jfc^S 

-LtR{tj) ifj = s 

if j e {ji,...,jfc} 
ttA(tj) otherwise 




J2 J2 Xi{ti)---X^it^)dti---dt^Y 



\m>fc+l l<ji<---<jk + l<m 



R{tj) if j e {ji,...,ifc} 

tt^(ij) otherwise 

since contraction tt is a linear graded derivation of square zero. □ 



For our starting data of a vector bundle E — !> with connection V, there is a 
nice way to combine all of this information as a closed periodic form in the following 
way. Consider 

fc>0 

where w is a formal variable of degree 2. From the discussion above we have that 
Corollary 2.19. (V* + u • tt) {Ch^'^^E; V)) = 0. 



16 



T. TRADLER, S. WILSON, AND M. ZEINALIAN 



We note that the formula in corollary 12.191 holds before taking the trace. Upon 
taking trace, the element 

tr{Ch{E; V)) = ^ u-'' ■ tr{hol2k) e n{LM)[u, u^^]] 

satisfies by Lemma Hm that {d + u ■ it)tr{Ch^^\E;V)) =0, and by theorem HHl 
that its Lie derivative Ct = dtt + Ltd along t vanishes. This element tr{Ch^'^'' {E; V)) 
is referred to in |GJP| as the equivariant Chern character. We thus may consider 
the complex of invariant forms 

rj(LA//)[u,w-i]]™"(*) = I ^li* -w, r e Z,w, e n{LM) with £t(wO = oj, 

i<r ■' 



which has a differential d + u ■ it of square zero, since {d + u ■ /,t)^ — u ■ Ct — 
on f](LM)[u,M-i]]*™W. Then, tr{Ch{E;\/)) G r2(LAf is a closed 
element of total degree 0. 

For later purposes, it will also be useful to define the equivariant Chern character 
in a complex without formal variables, see [ABl iBl IW) . More precisely, we denote 
by n(LM)™''(*) = {w G n{LM)\Ct{uj) = 0} the space of invariant forms on the 
free loop space LM with the Witten differential d + it. Using the same reasoning 
as above, we set 



Ch{E; V) ~ V hoi 



k>0 



2k, 



and, after taking the trace, we obtain an element that is concentrated in even 
degrees, tr{Ch{E;V)) G 17™^"(LM)*™(*\ and moreover closed in rj(LM)™^(*\ 
i.e. {d + it){tr{Ch{E-V))) = 0. 

3. Equivariant Chern character locally defined 

In this section, we give a local approach to defining the equivariant Chern char- 
acter on general bundles, inspired by a local formula for holonomy. To this we 
introduce a generalization of the Hochschild complex that allows as input differen- 
tial forms on local charts spread out over a manifold. 

3.1. The local Hochschild complex and iterated integraL For any p G N, 

and p open sets [/^j, . . . , Ui^ from the cover which we abbreviate hy lA = 

{Ui-^, . . . , Ui^), there is an induced open subset N{p,U) C LM given by 

N{p,U) = It G LAf : (7 



C U^.,\/j = l,...,p 

Note that the collection {Af{p,Uy}p,ii,---,i forms an open cover of LM . 

We now introduce a version of the Hochschild complex that is appropriate for 
dealing with forms defined on various open sets Ui- . 

Definition 3.1. Fix p G N, and open sets Ui-^,...,Ui^ C M. We define the 

Hochschild chain complex subject to the data lA = {Ui-^, . . . , Ui^), by 

Cij^")= i]({/,^n[/,j®(r!(t/,j[i])^"^®f)(c/,,n[/,j®(r!(;7,j[i])^"^ 
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Note that the total degree of a monomial in CHi^''^^ is then given by (the total 
degree of all forms) — (ni + - • ■ + np). We denote by Ch\^'^^ the subspace of elements 
of degree k. The differential in CHi^'^^ is similar to the one in CH»[A) from 
definition 12.31 To define it, we use the fact that ft{Ui^ D Ui-j^^) is a left-J7(/7i^. ) and 
right-17(L/i^^J module via the inclusions Ui. nUt^^^ ^ Ut^ and Ui. CiUi^^-, ^ Ui.^^. 

Then the differential on CH'f"^ is given by applying the DeRham differential 
to each term, as well as multiplying adjacent elements cyclically in all possible 
positions, without ever multiplying two module elements. Explicitly, 



D 

p "j 

= - ^^(-l)'5-iaj(8)(ai[(8). . .®a\^)®al®. . .^doRia])®. . .®al®{al®. . .®al^) 
i=l i=o 

P rii — l 

- ^ ^ i-lf^al ®...®{a)- a}+i) ® . . . ® a^^ 
i=i j=a 

p-i 

-J2{-lf-'al®. . M<-a},+')®. ■ .®<,^ + (-l)(l'^"^l+'^-^"-H<-ao)®«l®- • -^^.-i 
where for 1 < i < p and < j < rii we have 

i-l / rik \ 

4 = E i«oi + E(i«'i + 1) + i«oi + K\ + ■■■ + + J- 

k=l \ 1=1 / 

Note that the signs here can be interpreted via the Koszul rule where the elements 
a* for j > are shifted by one. For p = 1 this complex is precisely the Hochschild 
complex CH,{n{Ui)). It follows that = 0. 

We also have a shuffle product, which is given by individually shuffling each of 
the p tensor factors, 

(g) (aj,® (al® ...®aj,J) . (g) (&o «+i ® • • • ® 

(Ti e S(ni, mi) l<i<p 
<Tp S S{np, nip) 

Again, the signs here are determined as with the shuffle product on CH,{A), via 
the Koszul rule where, for j > 0, a* and 6* are shifted by one. 

We remark that, as with CHt{^{M; qV)), D on Clli^'^'^ is not a derivation of 
the shuffle product on CHi^'^^ (though it is in the case gl = C). 

Definition 3.2. There is an iterated integral map 

jt(pM) , cHi"'^^ ^ n{Af{p,U);£W(,^u)) 

given by 

I&'''\al®al®...®aPM 
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where we have set for vector fields yi, . . . , ym along 7, 



We note that, as before, this iterated integral map can be interpreted using 
integration along the fiber in the diagram 

N{p,U) X (A"i X • • • X A"p) — ^ (J7»J''("i+i) X • • ■ X (C/,J^("f+i' 

■/a ''I x- -xA"P 

AA(p,W) 

where the evaluation map ev — ev^ ~k ■ ■ ■ y. ev^ is given by 
A/'(p,i^) X A"^ ^ (C/»J^("^+i) 

h,(o<,<-..<<,,<i,, ^ 

Then, up to a sign, we can write the iterated integral It^P'^") as the composition 

jtip.U) , cHi^-^^ %n{M{pM) X (A"^ X ... A"-);f|^(,,^,)) A n{N{pM)\£U{p,u)) 

In the case where all open sets Ui are chosen to be Ui — M, and M is simply 
connected, then the iterated integral map is a quasi-isomorphism It : CH, — > 
n{LM), see K.-T. Chen's papers [CT1[C2] or also [GTZl Proposition 2.5.3]. 

3.2. Holonomy expressed locally. We assume we have a bundle and connection 
given by local data as follows. We are given an open cover {Ui}i of Af , and the 
complex vector bundle E ^ M is given by the local transition functions gi.j : 
Ui n Uj Gl{C"). Furthermore, the connection 1-form is given locally by Ai € 
ri^(J7i, 0O such that Aj = g^j A^g^^j + g~jdDR{gi,j), or, in other words, doRigij) = 
gijAj — Aigij. The curvature is given by dDR{Ai) + AiAAi — Ri G Q'^{Ui). With a 
choice of open covering, every abstract bundle with connection induces these data. 
For the remainder of this section, all differential forms are gI(C)-valued, and we 
remark qI — flt(C) C GL. 

We will locally define sections hol^f'^^ of £ ^ LM on open subsets N{p,U), and 
then show that these glue together to a global section holo of f — )■ LM where £ is 
the puUback in 

£ End{E) 



LM ^ M 

Using the given local connection 1-forms Ai G $7^(1/^, gl) and transition functions 
gij e Vl^{Ui n Uj,Gl), we can define an element ()o'''"^ G CHq^''^^ as follows. The 
iterated integral of this element is exactly holonomy. Recall from the previous 
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subsection, that we have chosen local data U = {Ui^, . . . ,Ui^), which is used to 
determine the open set M{p,U) C LM. 

Definition 3.3. Let f)^^'"' G Cif^^'"^ be given by 

f)^"'""^ = E 9ip,i. ® ^r^ ® ® ® ■ • ■ ® 9ip-.,ip ® 

Alternatively, we may write f)o^'^^ as a shuffle product 
where 

has the 1-form Ai^ G U^{Ui^) at the open set Ui^ and Is everywhere else, and 

gi,,i,+, = • ■(S)9^,,^,+,®■ ■ -m e n{Ui^nUi,)m{a,,)'^"^. . .m{u^^nu^^^,)(E). . .m{Uij'^ 

has the 0-form gij,^^^ £ ^"{Ui- n Ui.^J in the j*'' module fl{Ui. Ci J/j^+J and Is 
everywhere else. 

We denote by holi"'^^ = 7t(P'")({)^^'"') G 9P{M{p,U)\£W(pM)) the iterated 
integral applied to 

The locally defined sections HoIq''^^ glue together to give a globally defined 

section of f — > LM . 

Proposition 3.4. The local sections hol^'^^ G ^'^{■^fip,i^);£\j\f(p,u)) determine a 
global section halo G Cl°{LM;£) satisfying 

holo\^r{p^u) = /lo/^^'"-' onN{p,U)- 
Proof. We use the following two properties: 

(1) Subdivision: FixpandW = {Ui-^. .... Ui^}. Subdivide each of the p intervals 
of [0, 1] into r subintervals, and use the same open set Ui- for all of the r 
subintervals of the j**^ interval, to give a new cover Li' with 

for 1 < m < p. Then N{pM) = ■A/'(r • p,U'), and /lo^^'"^ = holi'"'''^'\ 

(2) Overlap: For any p and U = {Ui^, . . . , Ui^} and W = {Uj^,. . . , Uj^}, we 
have 

hot^'\j) = 5-k(7(0))/io^^^'"^(7)ffv,>(7(l)) 
for 7 e M{p,U nW) where where 

unW = {{Ui,nUjJ,...,{Ui^nUj^)}. 

The lemma follows from these two facts, since for 7 e N'ip, Ui^ , . . . )nAf{p' , Uj^ ,■■■), 
we may assume by (1) that p = p' , and then by (2) the sections agree on the 
overlap, up to conjugation by gi^.j^ at 7(0) = 7(1). Since the fiber of £ over 7 is 
End{E^(j)-), E^(^Q-)) and the transition functions gij on E induce transition functions 
on End(i!^) M given by conjugation by gij, this implies we have a well defined 
section halo of f — ?• LM. 

To prove (1), for any 1 <m <p and 1 < s < r— 1, whenever Ui^,^_^ = Ui^,^_^_^^, 
we have g = ffi^.^.^.i^.^.^+i = id, so that 
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k 



(3.1) ^ / itA{ti)---LtA{tkMt)'^tA{si)---LtA{skMti...dsk 

= y / itAih) ■ ■ ■ LtA{tk)dti ...dt 
k>J^'' 

by the gluing lemma 12.61 Applying this r ~ 1 times on each of the p subintervals, 
we obtain holl^'^'' = hol^'^'^ \ 

For the proof of (2), let U ^ [U^^,..., f/,J and W = {Uj^,. . . , UjJ. We will 
first restrict our attention to the first subinterval, and show that 

(3.2) (^) It{e'^^^-) ^ It{e'^^^-)9.„,^ (j 



rn—l m 
P ' P 



and Aj , A 



where the iterated integral is computed over the interval 
are the local 1-forms on the sets Ui^ and Uj^, respectively. Applying the iden- 
tities (|3.2I) and gim-iAmQi^dm. — 9im^i,jm " Qim- 1 ,j m. ~ i9 j m. - 1 ,j m rBpcatedly to the 
expression 

/^4''"^5.,.,,(1) 

= 5.„n(0)/t(e^^^-)5.„.. (^) •••ff.,-.,., (^) /t(e^^-^-'')5.,,,,(l) 

we obtain gi^^j^{Q)hol'^'^ \ as desired in (2). 

Note the formula in p.2p says that the iterated integral (or parallel transport) is 
independent of Ai up to conjugation by gij, which is well know from bundle theory 
and the existence and uniqueness of ODE's. We will give a iterated integral proof 
here instead. 

We will prove p. 21) for to = 1, noting that the other cases have a similar proof. 
Furthermore, we abbreviate i ^ ii and j = ji. Recall that Aj = g~^Aig + g^^dg 
where g — gij : Ui fl Uj — > GL is the coordinate transition function. We use 
the following multiplicative version of the fundamental theorem of calculus for the 
iterated integral. For r < s, 

(3.3) 5(r)/t(ei^»"''*») 

gir)^ I it{g~^dg){ti) . . . i,t{g~'^dg){tk)dti . . .dtk = g{s). 

Here the /c-simplex used in the integral is A|^^ = {r < ti < ■ ■ ■ < tf^ < s]. (One 
proof of this is given observing the function f{s) = g{r)It{e^®a <^9)g(^s)-^ satisfies 
/(r) = Id and f'{s) = 0.) We use this to calculate 

g{0)lt {e'^^^) = g{0)lt (^e'^ig-'A^a+g-'dg)^ 

and show that it equals It{e^'^^^)g (-1). From the definition of the shuffle product 
we have 



e 



J2 mg-'dgf'^'^g-'Ag^ig-'dgf'-^g-'Ag®- • -^g-' A^g^ig-'dgf 



r>l 
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and applying definition 13.21 of It we have 
(3.4) g(0)/t(ei«-^O 

= 5(0) J2 I ^ Lti9-'dg){ti)---Lt{g-'dg)itk,)ALt{g-'A.,g){tk,+i) 



fcl fcr>0 '^[0,1/pI 

r>0 



Att(.g ^dg)(tfei+2) • • • tt(.g ^dg)(t„,_i+r-2) A tt(.g ^^i5)(*nr-i+r-i) 

A i't{9^^dg){tn^_^+r) ■ ■ ■ t-t{9^^dg){tn^+r~i)dti . . . dt^^+r-i, 



wliere Ui = ki + ■ ■ ■ + ki. For eacli r, we apply the identity in p.3p r times, showing 
all the iterated integrals of g~^dg that appear, collapse. In the first case we have 

X! / Lt{g^^dg){ti) . . .itig^^dg){tk^)dti- --dtk^ ^ g{tk^+i) 

fcj>0"'{"<*i<"-<*fci<*fci + i} 

reducing g(0)/t(ei®'^0 to 



g(0)/t(ei^^O = E / ^tA,(tfe,+i)g(tfe,+i) 



r>0 



A'-t(5 ^dg){tk,+2) ■ ■ ■ I'tig ^dg)(i„,_i+r-2) A tt(5 ^Ai5)(i' 



"r-l+r— ly 



Ait(g ^d5)(t„^_i+r) • • • tt(5 ^dg){tn^+r^i)dtki+i . . .dt 



since the terms (;(tfei+i) and g ^{tk-^+i) cancel. Similarly, for each £ with 1 < £ < r, 
fixing tne+e, we have 



'-t (tne +l)g{tni +t. ) (5 ^dg) (t„^ +t.+l) 

(^) 



•■•'•t(.9 dg){tni,+i+i)dt 

where A(^) = {in^+£ +i+i}. Again, g(i„f+i+£+i) 

cancels with (7~^(t„^^j+£+i) and, continuing in this way, we see that entire sum in 
p.4p collapses to 

I , ^tA^{ti)---LtA,{tr-i)gi^\dti---dtr-i=It{e^®'^^)gi^ 

This completes the proof of the proposition. □ 

In the first two subsections, we constructed a holonomy function under the as- 
sumption that the bundle is included in a trivial bundle. If we can choose our cover 
for M to be {M} itself, we obtain the following corollary. 



Corollary 3.5. The restriction of the section halo from lemma \5^\ to any J\f{l,lA) 
where lA — {Ui} equals the function halo defined on LUi in equation (12.31) . 



Proof. In this case the bundle is trivial and we have that the iterated integral 
formulas are the same since gn = id on Ui. □ 

Again, as before, It'^P-^'> is not a chain map for g[- valued forms, but we do have 
the following. 
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Proposition 3.6. // a = aj^ (K) (aj (g) . . . ® J (g) a§ (8) . . . <8) ag (X) (af (g) . . . (g) J e 



then 



where b = aj g) (a} (g . . . g) a^J ® Og (g . . . (g) Oq (g) (aj* (g) . . . g) a^^^i), and 



p 



i=i V i=i / 

Proof. The proof uses the same techniques that were used in |GJPj to prove propo- 
sition [2?8] stated above. Let be as in definition 13. 11 and note that e = , . We 
have 

dDR{It^''''^Haj} = f\J^^ {-lf-'-^{da},) (^^j ttal(ii)---it<(i„Jd<i...di„, 



P TLi 

i=i ]=i 



A"i 



{al) ita}(ii) • • • Lta\^{tn^)dti . ..dtn^ 



A---A (^J^ {al) (^^y-^ Lta\{h)---{[d,Lt]-Ltd)a]{tj)---Ltal^^{trLMti.-.dtrL^^ 



^ tta5'(ii) • • • Lta^^{tn^)dti . ..dU,^ 



where we have use identity dit — [rf, it] ~ Ltd. Now we use the fact that [d, Lt\a = 
da/dt, the fundamental theorem of calculus 

tj+i r^j+i ^ 

[d, it\a{t)dt — / —a{t)dt — a{tj+i) ~ a{tj), 
J f at 

and the relation 

{{Ltaj)aj+i){tj) + (-l)l°^l(aj(ttaj+i))(ij) = (it(aiai+i))(<j)- 

Then we see this sum contains all of the terms in It^P'^^Da), except for the term 
(_l)(l<pl+i)^aP^(0)./i(b), and it additionally includes the term (-l)'=/t(b) ■aP^(l). 

□ 

Proposition 3.7. We have It(-P''^HD{l)'i^^^^)) = \7* (It^P^'^Hl)^^'^^)) = V* (/lo^^'"^), 
where V* = doR + [Ai^,-]. 

Proof. This follows from the previous proposition 13.61 bv letting a — {c.f 
also propositions 12.81 and 12 .9p . Note, that the signs work out since Ai is of degree 
+1. ' □ 

Remark 3.8. In the complex CHi^'^^ we chose for simplicity the modules on the 
jth vertex to be given by ^l{Ui - fl Ui-^^), c.f. definition 13.11 For a conceptual link 
of this choice with the local approach for gerbes in subsection 15.11 below, we also 
mention how we could choose alternate modules as follows. Beside the open sets 
f/ii, ■ • ■ , Ui^, choose additional open sets C/f^, . . . , Ui^, which are open sets chosen 
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for the vertices of the subdivided circle. More precisely, we are considering the open 
subset of LM given by, 



7 e LM : 7 



. p 'pi 



C[/^^,and7(^) eUe^,yj ^l,...,p 



With this in mind, we consider the \eit-il{Ui^) and right-fl{Ui-^-^) module Vt{Ui. fl 
Uij) ®Q.{Ut ) ^{Utj n t^ij+i). Note that there is a map 

coming from the inclusions of open sets. We have the right module map p : fl{Ui^ n 
Uij) <S)n(Ut.) ^{U^j n C/i^+J -> n Ui^^J, which maps the element gi^^e^ (g) 

gej,ij+i to • ge-iAj+i = 9tj,ij+i- There are appropriate Hochschild and iterated 
integral constructions, and the above considerations show that this approach is 
indeed equivalent to the previous setup. 

3.3. The higher holonomies hol2k- Let il{LM,£) denote differential forms on 
LM with values in the puUback bundle £. We now define the higher holonomies 
hol2k S ^^'^ {LM, £) in a local way on charts Af{p, U) and then show that they glue 
together properly to give a well defined element of Vl?^{LM,£). Finally, these will 
satisfy the relation from equation (|2.4p . namely ^*{hol2k) = ^i't{hol2k+2), 

holo hol2 hol/^ 







Definition 3.9. For a choice of p G N and a tuple of open sets U = (CAi, ■ • • , Ui^) 
of A/, we have induced open sets U x = (Ui^ x S^, . . . , Ui^ x S^) of M x S^. 

Denote by E'^p^'^^ : ch'^'^'^^'^ VL{M{pM)) the composition of maps 



where p\j\f : M{p,U) M{p,U x S'^),7 ^ {'-f,~id), is the restriction of p from 
definition 12.131 We call the E'^P'^^ the extended iterated integral subject to the 
local data hi. ^ 

With this, we define f)^^/^ £ OT*^^""^'^ to be given by the formula 



^2k 



k 



lines 



where Qi^^i^j^-^^ Ai. are as before (see definition 13. 3p . We define 

Similarly to lemma 12.171 applying the definition of E we can rewrite hol^f^^^ in 
terms of iterated integrals. 
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Lemma 3.10. For keN, hol'^l^^^ E n'^''{LM,gl) can be written as 

iji = fe 



/A"p V P J ' \ P 

where the second sum is a sum over all k-element index sets J C S of the sets 
S = {{ir,j) '■ r = 1, . . . and I < j < rir}, and 

Rr ifii,j)eJ 
LtAi otherwise. 



X: 



3 _ 



Proof. This follows from the definition of E, as in the proof of Lemma [2. 171 □ 

Remark 3.11. The expression for hol^f^'^^ simplifies greatly for line bmidles. In 
this case, the forms are all complex valued, so the iterated integral takes shuffle to 
wedge. Therefore "w 
integral, and write 



wedge. Therefore we can unshuffle the terms Rdt in \ then apply the iterated 



holil''\^)^(^I^^Rit,)-.-Ritk)dt^...dt,}j ■ /\ (7(^)) 
R{ti) ■ ■ ■ R{tk)dti . . . dtt^ A hol^P'^\-f) 



e p 



where we have set I™ = [^^y^j zq — ip. Here we have used that i? is a global 

form, and the iterated additivity in Lemma l2.6( namely 



J2 A_^.. R{ti)...RitkMti---dtk, = J^^R{ti)...R{tk)dti...dtk 



where k = ki + ■ ■ ■ + kp and ^, = {— < ti < ■ ■ ■ < tk, < -}, and 

A'^ = {0 < ti < • • ■ < tfe < 1}. Alternatively, the first factor can also be written as 



/ R{ti) . . . R{tk)dti ...dtk= e(i {-Rdt) (g) • • • {-Rdt) 

= (^1(1 ® {-Rdt))"^'^ = 1 (^I^R{t)dt^ 

Proposition 3.12. The locally defined forms hol\^j^^ define a globally defined 2k- 
form hol2k G ^^^{LM,8) with values in 8. 



Proof. We can repeat the proof as in proposition 13.41 showing the subdivision and 
overlap properties. The subdivision property follows as in proposition 13.41 using 
the gluing property of the iterated integral, see remark [2.71 The overlap property 
follows as in proposition 13.41 almost verbatim for hol2k, where we replace k of the 
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LtA's by R, and using the fact that gijRi — RjQij (since i? is a global 2-form, so 
that R^ = Rj on UiDUj). □ 

Finally, we state our main result of this section. 
Theorem 3.13. For all k > we have that 

V*hohk = -ithol2k+2 e n^''+\LM-S) 
and this is given by the explicit formula 



(3.6) E 5.,... (7(0)) 



ni,...,Jip>0 (i^, s) e S 

J C S 
\J\ = k, {i-r, s) J 

KL-i(^)-t'(^l-- 

where S — {{ir, j) : r ^ 1, . . . ,p, and 1 < j < Ur} and 

R, if{iJ)eJ 
Xl = { -LtRi if {i,j) = {ir,s) 
LtAi otherwise. 



Proof. The proof is the same as in theorem 12. 181 where the idea is, as before, that 
—Lt{hol2k) and \7*E (^^if^^^ are both given by formula p.6p . i.e. a sum over all 
ni, . . . ,np > of products of iterated integrals where exactly k of the X^'s are equal 
to R and exactly one is equal to {—LtR). 



By lemma 13.101 we see that —it{hol2k+2) is equal to (13.61) . For V*E{\) 



2k ) 



^(^f)2fc )' the calculat ion is the same as in theorem 12.181 where the only new 
feature is the apparent terms gi,j in i}'fff^^ ■ But, all of these terms in E{pk)f'^^^ 



>2k 



cancel with correct sign since dgi j — gi.jAj + Aigi,j =0. □ 
From the previous theorem, it follows that 

Ch{E;V) = Y,Hhol2k) 

k>0 

is in the kernel of the Lie derivative Ct — [doR, it] (since (cJ/^/j)^ = (tt)^ = 0), and 
is therefore an element of ri(LM )"'''*^*-' , just as in section [2?3l Moreover, 

Corollary 3.14. (jB], [GJP] ) For any vector bundle E with connection V, 

{d + Lt){Ch{E-V))^0, 

i.e. Ch[E;V) is a closed element of the space ri(LAf )'"''*^*^ with differential d + if 

Just as in section [2T3l we can also define Ch^'^\E]V) — X]fe>o" ' ^^(^o^2fc) G 
^{LM)[u, which is closed under the differential d + u • if However, in 

foresight of the Chern character that will be appearing in the gerbe case in the next 
section, it will be more useful to focus on Ch{E; V), see also remarks 14.191 and 14. 251 
below. 
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4. Equivariant holonomy for abelian gerbes 

In this section, we work with abehan gerbes with connnection. We develop and 
apply the local approach from the previous section to the torus mapping space. 
Starting with holonomy of the gerbe, we define a sequence of higher holonomies 
hol2k,2i S ri^'^+^^(Af^) that are related via the diagram in figure El with holofi 
being the usual holonomy. Together these will give a equivariantly closed form on 
the torus mapping space, see corollary SHH 

4.1. Iterated integral for the torus in the (p, g)-simpncial model. Let T 

denote the torus T = x S^, which we will frequently view as a quotient of 
[0,1] X [0,1], and let — Map{T, M) be the space of smooth maps from the 
torus to a fixed manifold M. Recall that M'^ is a smooth Frechet manifold [H] on 
which we can perform the usual constructions of differential topology (vector fields, 
differential forms, exterior derivative, etc.). We will construct forms on M'"' by first 
defining them locally on open sets M{p,q,U) C M'^ . 

Fix numbers p,q S N, and open sets Ui^^ ,^ of M for A: = 1, . . . ,p and £ = 
1, . . . , q, which we abbreviate hy U = {C/if^ }i<fe<p,i<^<9- Define the open subset 



C , for 1 < fc < p, 1 < ^ < g 



Intuitively, we divide the torus into a p x q grid, and consider those maps for which 
the rectangular component labelled by {k,i) has image in the open subset Ui^^^ 
We denote the vertices, horizontal and vertical edges of this subdivision as in figure 
m Here, the (fc, g)*^ face is glued to the (fc, 1)''* vertical edge, and similarly the 
(1,^)*'' face is glued to the {p,€f^ horizontal edge to obtain a suitable cubical 
subdivision of the torus. 

For given p, g G N, and a choice of open sets U as above, we now introduce some 
notation for the various open sets used in the torus subdivision. First, denote by 
Uj^ := Ui^^ the open set to which the (fc,£)"^ face J ^ will be mapped to for a 
7 e M{p, q, U). We denote the intersections of the open sets along a horizontal edge 
by U^!^g, respectively along a vertical edge by ujf^^ i.e. 

= Uid.i) ^ ^Hv,') ' for fc > 1 : [/^ = C^^(._i,„ n (7i,, , 

= C/,,, n C/,,,,,, , and for ^ > 1 : C/f, = U,^^ ,_,^ n C/,,, , 
and the intersection of open sets at a vertex by i.e. 

for fc > 1 : ui, = c/,,,^, n f/,,, n c/,,,_,^, n t/,,,^,,,, , 

for £ > 1 : Ul, = U,^^ ,^ n U,^,,,_,, D U,^^^^^ n , 
for fc,^ > 1 : U^i = J7i(fc n J/if^ n C^i(fc_i_(,) n C/i(fc_i_f_i) . 
Differential forms on these open sets are denoted by 

We refer to these as forms on the faces, edges, and vertices. We now define the 
torus-Hochschild chain complex and the iterated integral subject to the data U. 
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1> 1 



1, 1 



f 

1,1 1,1 



1,2 



1. 2 



f 

1,2 1,2 



1,3 

1,3 

1,3 



1,9 <5> 
1,9 
J e / 
1,9 1,9 



2, 1 



2, 1 



f 

2,1 2,1 



2, 2 



2,2 

2,2 2,2 



2,3 ^' 
2,3 

2,3 



2,9 <^ 
2,9 

2,9 2,g 



3, 1 



3,2 



^ 3,3 -t-)- 



3, 1 



3, 1 



3,2 



3,2 



3,3 



3,3 



3,9 



3,9 



3,9 



P,l 



P,l 



P,l 
/ 



■p,2 4^ 
P,2 



P,2 



P,2 



■p,3^=r 

P,3 

Xe 
P, 3 



P, 9 



P, 9 



P, 9 



Figure 2. Vertices, edges, and faces of the torus (The orientation 
of the edges is as indicated, and faces are oriented by their inclusion 
in the plane.) 



Definition 4.1. Fix p, q S N. and open sets U = {Ui,j^ f.^}i<k<p,i<e<q as above. 
For integers ni, . . . , Uq, mi, . . . , nip > 0, we first define 21^1,'.'.'.'^^ to be given by 
the tensor product of differential forms defined in the following matrix of tensor 

prcxhicts. 



21^,1 

«)(2tf^i)^'"i 


(8)(2l{\)'^"i"i 








mil 






(^(21^2)®"' 

(8)(2l{2)®'"'"' 


• • • <S)(2t{ 0)®™="' 




^(21^,1)®™""" 




(8)(2l^_2)®"''"' 


• • • 0(21^,,)®'"''"' 



If we write m = mi + • • • + nip and n = ni + ■ ■ ■ + for short, then this matrix 
has m + p rows and n + q columns. Note, that the algebras of forms on the edges, 
21^ and 211'^, are modules over the algebras of forms on the adjacent faces 21;^, 
via the inclusion of open sets. Similarly the algebras of forms on the vertices 21^ ^ 
are modules over the algebras of forms on the adjacent edges and faces. 

We would like to remark, that in the above tensor product for ^mi,-.'.?mp no 
particular linear order was chosen to write this tensor product, but it is rather 
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a coequalizer over all possible linear orderings. For example, a monomial a 6 

2lmi mp may given explicitly by a choice of linear ordering as follows, 

(4.1) 

l<k<pl<e<q\ l<i<mk l<i<ni l<i<mk l<j<ne J 

To identify o for another choice of linear ordering, a sign factor coming from the 
Koszul sign rule has to be applied. 

With this notation, the Hochschild complex subject to U is defined as 

ni , . . . , Tig > 
mi , . . . , nip > 

where the square bracket "[m + n]" denotes the operation of a shift of total degree 
down by n + m. For an element a G 5lmi.'..!^p as in equation 

(|4.ip we will call m + n the simplicial degree of an element in CHi^'''^''^\ and denote 

by |a| = EfeE.(l«LI + EJ(4>l + EJ(«^.).l + E.E,l(4A.l) + 

the total degree of a. 

To obtain a differential, we first define the face maps : 2tmi'.'.'^p — > 

^mi,'.'.'.%p (for r = 1, . . . ,q and i = 0, . . . ,nr), and dj^ : 2lm;,'.'.'.'^r,...,mp ^ 

'mr-i mp i^*^^ = Ij • ■ • ^nd i = 0, . . . , TOj.)- The map djT*^ is defined by 
multiplying the {r + ni + ■ ■ ■ + Ti^-i + i)*^ and the (r + ni + • • • + rtr-i + « + 1)*^ 
column. 







("l"?r)i+l 








.{^p,r)mp,i. 




.('^p,r)mp,i+l. 




.{^p,r)'mp,i 


(Op,j.)mp,j+l 



and leaving the other tensor factors unchanged. Note, that taking products respects 
the coequalizer over linear orderings, and thus defines a map : 2lmj''.'.'.'^p"'"'' 

2lmi,'.'.';^p These maps are defined in a cyclic way, meaning that in the case 

r = q and i = Ug the operation d^„^ : 2l"ii'.'.'"rep^ multiplies the last 

column to the first column from the left. 

Similarly, ^ multiplies the (r + mi + • • • + m^-i + i)"^ and the (r + mi + • • • + 
m^-i + i + row, 

and leaving the other tensor factors unchanged. Again, this is done in a cyclic 
way so that the last operator multiplies the last row and the first row. We note 
that the indices for (and d^-) are chosen in such a way, that two edge columns 
(respectively two edge rows) are never being multiplied. 

With this, we can finally define the differential D on CH,'''''^'^ to be given on 

„.ni,...,n, , 
<^mi^....mp Ljj 

(4.2) D := (-1)"+" . doR 
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+ (-1)™+"+!. (-ir+'-4 

j — 1, . . . m + p, where 
j = (1 + mi) H h (1 + + i + 1 

+ (-1)™+"+!- + ^ • d^,. 

J — 1, . . . n + g, where 
J = (1 + ni) H h (1 + "r-l) + i + 1 

If we rewrite the matrix in a linear order of tensor factors and using signs by the 
usual Koszul rule, a lengthy but straightforward calculation, using that (d_D_R)^ = 

(d'f = and d'odoR = doRod' for d' = E(-l)■''+'4^ + E(-l)™+''+'+''^^^. shows 
1)2 ^ 0. We denote the homology of this complex by iJiji'''''''^' := H,{CH'f''^'"\D). 
Definition 4.2. We also have a shuffle product, which is defined using the degener- 
acy maps sJt; : 2lm;'.""mp"'""' -> SlrnV'-'-'r^j!'^''"'"'' (fo^ = 1, • ■ • ,p and i = 0, . . . , n^), 
and j : 2lmi';.'."!^^,,...,mp ^ 2l^\','.'.'.'^,+i,...,mp (for r 1, . . . , q and i = 0, . . . , m^). 
The map sjT*; is defined by adding a column of units I G 0(C/) (for the respective 

open sets U) between the (r+niH hn^-i+i)*'^ and the (r+riiH hnr-i+i+l)*'^ 

column. Similarly, ^ adds a row of units "1" between the (r-\-mi + - ■ •+mr-i+iY^ 
and the (r + mi + • • • + m^-i + i + 1)**^ row. The operations are well-defined on 
the coequalizer due the units 1 being of degree 0. With this, we set. 



Note, that the two operators •JT' and •^z commute for any r and r' . With this and 
given a®b £ ®2t"''""''i : the shuffle product . : CHi^^"'^^ ®CHi^''^'^^ ^ 

(jj^{p,qM) jg defined by the composition •pO- • -o^lo^^o- • -o*^ and a multiplication 
★ by tensor factors, 

'"mi,...,mp ^ '^m'j,...,m^ ' 

mi+rn^ , . . .,mp+mp mi+m'^ ,...,mp+mp mi+m^ , . . .,mp+mp ' 

o«b := (_i)l°K™'+«')+«,-(™'+«'-<)+-+™2-m'i .^o.|o--.o.f o.^o-.-o.f (a®b), 

where ^^x, ^x) = ®xi'^x ■ bx) denotes the multiplication of the individual 

tensor factors. 

The shuffle map is graded commutative and associative, and D is a derivation 
of the shuffle map. 

Finally, we define the iterated integral map It^P'i''^^ : CH'f''^'^^ ^{J^ip, qM))- 
Rather than defining it via an explicit formula as in the previous definitions 12 .41 and 
it will now be more convenient to use the puUback description for our definition. 
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A™p 



A"i 



A"2 



A"<J 



Figure 3. Coordinates oi m-n points on the torus determined by 
(A™! X ■ • • X A™f ) X (A"i X • • • X A"-') 



Definition 4.3. Subdivide the torus into a grid determined by (A™i x • • • x A™") x 
(A"i X • • • X A"') as in figure [3l 

Denote by m = mi + • ■ • + nip, and n = ni + ■ ■ ■ + Uq. We have an evaluation 
map ev, 

J\f{p,q,U) X (A™i X • • • X A™f ) X (A"i X • • • X A"') ^ 

(7, (0 = < < • • • < C < l)fc=i,...,p, (0 = < m1 < • • • < < l)e=i,...,q) 



^ 7 



I</c<p, 0<2< mfc 
I < ^ < g, < j < 



Note, that starting from 7 G J\f{p,q,U), the evaluation map lands in the corre- 
sponding open set Ui^^, , or intersection of open sets for edges or vertices, e.g. 



7 



k ~ 1 



1 



p q 

Thus, we can define the iterated integral It : Ch'^''^'^^ fl{J\f{p, q,ll)) to be the 
puUback along ev composed with integration along the fiber, 

Afip, g, W) X ( A™1 X • ■ • X A™P ) X ( A"i X ■ • • X A"' ) (™+P) x (n+q) 



N{p,qM) 



(A™i x---xA'"p)x(A"i x---xA"<i) 



ev*{a), 



for a e 2l"i-- '"9 
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In order to exhibit the above definition as an explicit iterated integral over the 
tensor factors of a, we note that for a T-space Y, the puUback of a form oj along 
T X y — y is given by 

(4.3) uj{t, u) + dt A LtLo{t^ u) + du A L-aUj{t, u) + dtdu A L^it^{t, u), 

where t and u are the canonical vector fields on Y coming from the two circle 
actions of the first and second factors of T, respectively, and uj{t, u) is the pullback 
of w at [t, u) G T. Thus, when taking the integral over the variables < t'l < 
■■■ <t^^ < ^ & A™*" and ^ < < • • • < < ^ e and an element a as 
in (|4.1I) . the iterated integral becomes. 



„ P Q 

(4.4) I&^^^^\a) = ± / /\ /\ 

J(A™i x---xA'"p)x(A"i x-'-xA"?) 

+ dt'l A Lt{af;,), (tl 



i-1 

q 



1 £-1 



A 

1=1 j = l 



i=i ^ ^ ^ 

A A ((«L)M(^^^') + '^^'A.t(aL).,,(tf,^,') 

^du\ AL^{alj,)^.j{ti,u^j) +dtfduj A initial j,)ij(tf ,Uj) 

Thus, for any of the variables t*^ (or Uj), there is not just one unique form that 
depends on this variable, but a whole row (or column) of forms that depend on the 
variable, and integration over this variable occurs for exactly one differential dt'j^ 
(respectively dwj). We will show below, that in specific cases (such as the holonomy 
function), it is nevertheless possible to simplify the iterated integral and compute 
it. 

Proposition 4.4. /ttP'?-'^) commutes with differentials and products, i.e., 

It'^P'i'^^Dia)) = dDR{It^P-'''-^\a)), and It^P-'^'^^a • b) = It^P^'''^\a) A It^P-''J-^\h). 

Proof. The proof is similar to [GTZ' lemma 2.2.2, proposition 2.4.6] and proposi- 
tion below (compare this also with [GJP. proposition 1.6] and proposition 13.61 
above). We start with comparing the differentials. For this proof we use the in- 
tegration along a fiber formula doR (Jx^) — (—1)'^*™'"^^ (/^ o?_d_r(cl;) — Jgx^) for 
X = (A™i X • • • X A™'') X (A"i X ■ • • X A"'). With this, we have for a G 2lm;;.::X: 

dDfl(/i(P'^'"Ha)) - doR I f ev*{a)] 

W(A"M x---xA'"p)x(A"i x---xA"<J) / 

= (-!)"+"• ( / ev*{dDRa) 

y J(A'"i x---xA™p)x(A"i x-'-xA"-!) 

ev*{a)] 

aCCA™! x---xA™P)x(A"i x---xA"<!)) / 
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m-\-p 

j=l 

n+g 

_|_ y^^(^_l^m+n+l+{m+p+j+l) . /^(P.?.^^) ^(^^ (a)) 

= It^P'i'"^D{a)). 

Next, we compare the shuffle and wedge product. We start with rewriting the 
wedge product of two iterated integrals, 

= / ev*{a)A [ , ev*{b) 

J(A"»i x---xA'"p)x(A"ix---xA"<i) J(A"''i x---xA'"p)x(A''ix---xA"«) 

= (-1)' / ' ™' (ev,ev)*(a Ab) 

y ! y((A'"i X A"!) X ••• X (A^p X A"?))^ ' ; V ; 
x((A"i X A"i) X ••• X (A"9 X A"'?)) 

= (-1)' E ^ E ^ _^^i(A'"i+-i)^...^^.,(^™p+™i)(e^,H*(aAb), 

o-ieS(mi,mi) /9ieS(ni,ni) x/3''i (A"i+"'i) x • • • X /3''<! (A"«+"« ) 

where e = |a| ■ (m' + n') + rig ■ (m' + n' — r?'^) H h m2 ■ m'^, and for a (fc, ^)-shufile 

cr e ^(A;,^), the map 13" : A'=+^ ^ A'= x (ii < • • • < i^+f) ^ (t<,(i) < • • • < 

*<7(fe),*<7(fe+i) < • • • < ta(k+t)) is used to decompose A'= x A^ = UaGS(fc,£) ^''(A'^+O- 
Now, we have a commutative diagram, 

X (A^^ W X . . . ) i^x,-.x...x,-.x,».x...x,P. ^ X A-i ) X . . . ) 

x(A"i+"'i X ...) x((A"i X A"i) X ...) 

{ev,ev) 

j\^x(n + g + n' + g') ^j^(^rn+p+m' +p')x(n+q+n' +q') ^ x^("i'+p')x("'+9') 

Here, d«a£; is the diagonal on m^^+p+^'+p')^ ("+«+"'+«') with m^') = m^;) + 
• ■ • + m(^) and = n^i) + ■ • ■ + ri^'g), and : m^^+p+^'+p') 

^(m+p)x(Ti+g) g^j^^j ^ . ^(m+p+m'+p')x (n+g+n'+g') _^ 7Vf(m'+p')x ("'+?') ^re de- 
fined as 

'"^iP V l,<7i(mi + l) l,<7i(mi+m'j^)/ V p,<7p(mp+l) p,<7i(mp+mp)/ 

o(Mt:^,(„^+i) o . . . o Mt:,,(„^+„,)) o . . . o (M^,,(„,+i) o . . . o m;;^^(„^+„,)), 

C = °---°<..(n..))°---°K,^.(l)°---°<<^i(-p)) 
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where M^^ : M^^^ ^ m^^+^'i^^ misses the (r + rni + h to,.-! + row, and, 

similarly, : M*^^^ ^ misses the (r + ni + • • ■ + n^-i + i)*'' column. 

If we further set 

r 



< ■ ■< tm+p+ra'+p' < 1 G A"i+"i X • • • X A'»-+"V x • • ■ X A^^+^p, 

r— 1 r — 1 

cr' : {1, . . . , m + p} — > {1, . . . , m + p + m' + p'}, a'{r + ^ "^i) = + E "^i' 

1=1 1=1 

r-1 r-1 

and for 1 < j < rrir : (7'(r + j + E] "^0 = ^ + CTrO) + E] "^i' 

i=l i=l 
r—1 r— 1 

cr" :{!,..., m'+p'}^ {1, . . . , rn + p + m' + p'}, cr"(r + ^ "^0 = + E + 



i=l i=l 
r-1 r-1 



and for 1 < j < m'^ : a"{r + j + E] "^'i) — ^ + <^r (j) + E] 



i=l i=l 



and similar definitions for ui < ■■■ < Un+q+n'+q' , p' , and p" , then we can check 
that the above diagram commutes: 

{ev,ev) o{idx 13"^ X • • • X ^'''')(7, < • • • < Un+p+m'+p' ,Ui < ■ ■ ■ < U^+q+n'+q') 

= {l{ta'(l),Up>[i)), . . . ,7(*o-'(m+p), V(«+«))'7(*o-"(l), V(l))' • • ■ :7(V'(m'+p')''"p"(«'+9'))) 
= iv'a.p X Va^p) ° diag O ew(7,ti < • • • < tm+p+m'+p' ,Ui < ■ ■ ■ < Un+q+n'+q')- 

(Note also, that in the above diagram, the evaluation maps really land in the 

corresponding subsets JlLi ULliU^^,,,^V^""'''''''^ x (C/£)^'"'= x (U^eV"' x C 
M™^", etc., as described in definition 14. 3[ which we have suppressed for better 
readability.) Thus, 

= E E (-ir-Bgn-/ e«*odzag*(«.^)*(a)A«^r(b)), 

(Tl ,...,<Tp Pl ,...,Pg 

where we abbreviated sgn = sgn(tTi) • . . . • sgn(a-p) • sgn(pi) ■ . . . • sgn{pq), and 
A = (A™i+™'i X ••• X A^f+S) X (A"i+"'i X ••• X A"'+<). Now, the ry^ and 
rj'l add degeneracies to the a and b which become on forms, (A/jT^J...)* = : 

2i:;\';:::X"""' ^ 2t™V::::"C''"""% and similar for (mJ J...)* = sj,,. This, together 
with diag, which is the ik-product after passing to forms, induces the shuffle product 
in the above equation, 

/i(p,9,w)(Q) A/t(p.9.")(b) = / et;*(a.b) = /t(f^'?^")(a.b). 



JA 

This completes the proof of the proposition. □ 

4.2. Holonomy for the torus. Now, we use the local datum of an abelian gerbe 
with connection to define an element in the Hochschild complex. We start by 
recalling the definition of an abelian gerbe with connection, see e.g. [GRj . 
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Definition 4.5. Let M be a manifold, and let {Ui]i be a sufficiently fine open cover 
of M. We denote by Ui^^...^i^ — Hi^ii i,, Ui. A gerbe Q with connection consists 
of local data g^^^k e f^°(C/,j,fc, e f7i(L/,j ,M), and B,; e f72(J7i,R), which 

are symmetric in their indices, 

Ai,j — —Aj^i, and gij,k = 5j,/,fc ~ gj,k,i 
and subject to the relations, 

93,k,iglli9^,j,igllk = 1 on 
5i,j,fc • - Ai^k + Aij) = i ■ dgij^k on t/i^^fc 
Bj — Bi — dAi,j on f/^.j 

The second relation may also be rewritten as Aj^k ~ Ai^k + Aij — i ■ g^j kdgi,j,k = 
i ■ d(log{gij^k))- The last relation implies dBi = dBj on Uij, so that there is an 
induced closed 3- form H £ Q'-^{M,R) given hy H = dBi on Ui. For more details, 
see e.g. |GR1 section 2.2]. This form will be referred to as the 3-curvature. 

Remark 4.6. There is another, equivalent description of an abelian gerbe with 
connection, which we mention briefly in this remark. The data of a gerbe may 
be given by a surjective submersion Y ^ M and a principle S'^-bundle P over 
y[2] ^YxmY, with some mild compatibilities required. The data of a connective 
structure on a gerbe is given by ^ G il^(P;M) and B G fl'^{Y;W) such that dA = 
7r*(i?) — TT2{B). It follows that we have a well defined closed 3-form H on AI. To 
see that this description is equivalent with the one in definition 14.51 above, we refer 
the reader to [GR|. section 2.3]. 

Definition 4.7. Starting from a connection on an abelian gerbe with local data 
g2,j,k e f^°(C/ij,fe,J7(l)), Aij G n'^{U,j,R), and Bi G Q'^{Ui,]SL), we take the {p + 
I) X (q + 1) matrix 

B(k,e) = 1 ® • • • «) B(^k,e) ® • • • « 1 e Slo;:::;!;;:;;", 

with the 2-form B^k.i) ~ Bi^^ at the {k^tf"^ entry on the open set Ui^^ ^ and Is 
elsewhere, the {p + 1) x q matrix 

Aitx) = 1 ® ■ • • ® ^(^,^) ® ■ • ■ ® 1 e 

with the 1-form ~ f),i(fc the (A;,^)*^ horizontal edge on the open 

set and Is elsewhere, the p x {q+l) matrix 

^,kd) = 1 «) ■ • ■ «) (g) ■ • ■ «) 1 G 21°;:::;; .. 0, 

with the 1-form = ^i(fc,i.),i(fc at the (A:,^)*^ vertical edge on the open set 

C/|"'^ and Is elsewhere, and the p x q matrix 

g(k.i) = 1 (8) • • ■ «) g(k.i) ® ■ • • ® 1 e 2lo;:::;o, 

with the 0- form o/i. ii\ = Qi,. j,. , i,, .Jr/" ■ 97^ i , 1(7" € 211! » 

at the (/c,^)**^ vertex on the open set U^j and Is elsewhere. 

Note, that all elements B(^k,i)i A'^ A^^^^^ ^■^,g(^k,i) G CH'^''^'^^ are elements of 
total degree zero. 
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The choice of elements in the previous definition is such that under the iterated 
integral map, the elements R^p^"-^^ {B^k,i)), It^^'^'^'^ (i^^ ) , ^P'^'^^' (iffc,^) ) ' ^^^"'''"^ (9(k,i) ) 
rf{J\f{p,q,U)) can be interpreted as functions on Af{p,q,U) in an explicit way as 
follows. 

Lemma 4.8. We have for 7 G Af{p, q,U), 
•^k^e 

It^P''^' \g(k,e))il) — 9i{k,i),i{k-i,i),i{k-i,i-i)ilikj)) ' 9i^k l^,i^k l_;^^,^^^_lJ:_-^^ilik,e))■ 
In the above integrals, the induced orientations of the cells from figure\^ is given as 
follows: iff, has the induced orientation from the plane , ^.'^ ^ is oriented from left 

to right, and | is oriented from top to bottom. 
Proof We have, that It^'P^^-f^\B(^k,i)){l) = 



(A«x...xAix...xA«) e«*(l«'---«'S(fe,£)®---®l)(7)= 7*(S^(...,)- 
x(A<' X • • • X X • • • X A") k,t 

Furthermore, we have, /i'^''?''^^ ^j)(7) — 

/(A" X . . . X A°) ev*{l®---® • • • 1)(7) 



((A" X • • • X A^ X • • • X A") 



7 {Ai(k-i,i),i(k,e))- 



k,e 



and a similar calculation for Finally, 

/i^^'''"'(3(M))(7) = / ez;*(l®.-.®5(fc.,)®.-.®l)(7) 

J(AOx---xAn)x(A"x---xAO) 
= 9i^k.e),Hk-i,e).Hk-i,e-i) ilik,£)) ' i^ikj))' 

This completes the proof of the lemma. □ 
Definition 4.9. With this notation, define t)(P'i^^) e Cff^^'*'"^ to be 

y k,l J k,e 

where exp is the exponential under the shuffle product •, and let hol^P''^''^^ G 
n°{J\f{p,q,U),C) be given by 

holiP^'i'^) = /i(P^'3^W)(f,(P.9.")). 
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Figure 4. An example of a(M) for an allowable matrix M, with 
p = 2, mi = 3,7712 = 4, and q = 3,ni = 6,n2 = 8,713 = 4; edge 
rows and columns are indicated in gray. 



Remark 4.10. We can give an explicit formula for hol'^P''^'^^ by using the combi- 
natorics of the entries in the matrix for f)(P'9'^). In fact, we obtain, that 

^ip,<iM) = ±a(Af), where a(Af) e OT^'^^"^ 

mi, ... , rrip > allowable 
ni, . . . , ng > matrix M 

Here an allowable matrix is defined as an (mi + • ■ • + nip + p) x {ni + ■ ■ ■ + Uq + q) 
matrix with entries O's, I's or 2's, such that each vertex entry {i.e. entries at 

(miH \-nik + k+l, ni-\ \-Tii+l+l),\/k,£) has O's, there is exactly one 2 in each 

row except for the edge rows {i.e. rows 1, mi+2, mi+77i2-l-3, . . . ), and exactly one 2 
in each column except for the edge columns {i.e. columns 1, ni + 2, ?t,i + 77,2 + 3, . . . ), 
and I's everywhere else. The Hochschild chain a{M) is given by replacing O's by 
the appropriate g(k,i), and the 2's by the appropriate ^(fc(?)i O'" B(^k,t)- An 

example is displayed in figure HI 

With this, we can write a formula for It^P''^''^\a{M)) for an allowable matrix A/, 
applied to an element 7 G N{p,qM), up to sign, as follows. 



/^(^'■^■'^)(a(M))=±nn3(M) 7 



p q 



k=i e=i 



(A'"i x---xA'"p)x(A"i x---xA"9) ^ . .,„„ ... \ P 9 

^ ' ^ ' entries 2 m M , 

given at position (r, s) 

in the (fc, £)'s subrectangle 



dt\...dtldul...duP„^ 



EQUIVARIANT HOLONOMY FOR BUNDLES AND ABELIAN GERBES 



37 



where 

{LuAy^ ^j{u), if the "2" is on an edge row 

itA^j, g-f{t), if the "2" is on an edge column 

i'ui'tBi^k,£){t,u), otherwise 

and where t and u being the two natural vector fields on M"^ as before. To justify 
this formula, note that the integral is non-zero only for the terms that have a volume 
form for the fiber, and equation (|4.3I) provides dt!^ and du^ only for the entries of 
"2" in the matrix M. 

Proposition 4.11. Let 7 6 M"^ and subdivide the torus T by some faces f , edges 
e and vertices v. Choose open sets Ui^ for each vertex v, Ui^ for each edge e, and 
Uij, for each face f, and assume that j\f C Uij,^\e C Ui^, and 7(f) G Ui^ for all 
faces f, edges e, and vertices v. Then, the holonomy function hoi : Af^ -> 
defined by 

(4.5) hol{j) := 

exp [ 7*(i3.,)-^^•p(e,/) / 7*(^...v) | H 5^^^ (^M) 

\ f ''f eCf J vCeCf 

is independent of the subdivision and choice of open sets Ui^,Ui^, and Ui^. Here, 
we sum over all faces f in the first sum, all possible subset combinations e C / m 
the second sum, and all possible subset combinations v C e C f in the last product. 
Furthermore, p{e, f) £ {+1, —1} with p(e, /) = +1 iff e has the induced orientation 
coming from f, and p{e, f) = —1 otherwise, and p{v,e,f) — p{e, f) if v is the 
beginning point of e, and p{v,e, f) = —p{e,f) otherwise (c.i. definition \5.8\) . 
In particular, we have that hol'^^''''^\'^) = hol{'j). 

Proof. The first part on the independence of hoi is a well-known fact, see e.g. [GR[ 
section 2.2] or [RSj section 2.2] and corollarv 15.111 below. 

In order to calculate hol''P-'^-^'> (j) = r'^p^iM) (i^{p,qm)[^)^ ^e make the following 
choices. Subdivide the torus as in figure [21 and choose the open sets to be Ui^ = 
Ui^ = Ui^ — Ui^^ for the face / = the edges e = ^.'^^ or e = ^, and for 

the vertex v — j,^^. Now, under this choice, the index for each edge e coincides 
with one of the two faces adjacent to e, i.e. i j — i^ = = *(fe,£)j so that 

^ — Ai^ , — 0. Furthermore, a straightforward check shows, that for a 



k I k I k tkt 



fixed vertex v = ^y^, the above choice gives H^cec/ dit^^CJi ^ ^' 

, ■ . Thus, under the above choices the right hand side of the 

equation (|4.5I) becomes, 

(4.6) hol{j) = 



(fc,^) :*(fc-l,f) 



exp K^i / 7*(B,,, ,,) + z L_ 
\k,i ''k,e ■'k, 



7 (^j(fc-i,i!),i(fe,(!) ) + g 7 (^i(fc,«),j(fc,f_i)) 

•^k,e 



kJ 
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holofi ^oZo,2 holo^4 



hoh.o 



hol2,2 hol2,i 

d -lu / \ rf 



hol4fi holi^2 hol4^4 



Figure 5. Diagram for hol2k,2is, stating that for all k^l > 0, 
d{hol2k,2e) = -i'tihol2k+2,2e) = -t-uihol2k,2t.+2) 



Now, we may use lemma 14781 and proposition 14.41 to see that this coincides with 



k,£ 



k,e 



= It^i'PW exp 



(k,i) 



k.e 



'Ylk^i) I (7) 

k,i 

But this is the claim, which thus completes the proof of the proposition. □ 

Corollary 4.12. The functions R^p-im (\^{p:qM)-^ ^ il°{Af{p,q,U),C) glue together 
to give a global function hoi G r2*'(M^,C) with 

hol\M(j>.,.u) - hol^P^''^'^\ 

4.3. Higher holonomies for the torus. In analogy with section [3] for vector 
bundles, we define higher holonomies in a way that allows us to build an equivari- 
antly closed form on the torus mapping space Af^. In fact, we define a sequence of 
forms hol2k,2i G fllM"^ , C), that may be put together in a variety of ways to give an 
equivariantly closed form on the torus mapping space M'^ . The guiding diagram, 
that is the analogy of figure [1] for the vector bundle case, is the diagram depicted 
in figure m Here, we have set holofi — hoi form the previous subsection 14. II More 
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precisely, diagram [5] depicts the relation, 

dDF/.{hol2k,2i) = -Lt{hol2k+2ae) ^ -t-u{hol2k,2e+2), Vfc,^ G Nq. 

Let us first make some motivating remarks. One can calculate that dun^hol) is 
the 1-form on given by i ■ It{H) A hoi where H = dB is the 3-curvature (see 
theorem 14.131 below). Recall the similar situation in the previous section, where 
for a vector bundle, doRihol) = —It{l ig) R) A hoi where R is the 2-curvature (see 
proposition I2.10p . and we illustrated how this differential 1-form on LM can be 
expressed using E = p* o It. Namely, it was the image under E of an element of 
local Hochschild complex, roughly given by shuffling Rdt into the expression whose 
iterated integral is the holonomy. Similarly, shuffling in (Rdt)'^^ gave all the higher 
holonomies. 

In much the same way, we define a map E for the gerbe-torus case, and define 
elements given by shuffling terms given by the 3-curvature H, using these to define 
the higher holonomies for this gerbe-torus case. These will satisfy the equations 
above and the total sum will give an equivariantly closed form on M^. 

First we start be defining a map 

^{p,q.u)^ analogously to E'^P'^^ from definition 

13:91 

Definition 4.13. For a choice of p, g e N and a choice of open sets U = {Ut^^, }k,i 
of M, we have induced open sets x T = {Ui^^^ „ x T}k,t of M x T. We have the 
iterated integral map n^P^iM-^f) ■ (jjjiv.i.'^^'r) _^ r2(A/'(p, g, W x T)) ioY N{p,qM x 
T) C (M x T)^, and we furthermore define pj^f : N{p, q,U) -^{p, x T), 7 1-^ 
Pf^h) by setting p^r{J) : T ^ M x T, p^r{j)it,u) = {j{t,u), {-t, -u)). Using 
these maps, we define the extended iterated integral E^'^'''-^^ : cu^p^'^'^^'^^ _j. 
Vl{M{p,q,U)) as the composition E'^P'1'^'> := {pjs/)* o 

With this, we can now define higher holonomy elements hol^f^'i^^^ G fi(7V(p, q,U), C). 

Definition 4.14. If we now denote by dt' and du' the two canonical 1-forms on the 
torus, then Hdt' and Hdu' are 4- forms in 57'* (Af x T). The restriction of these forms 
to Ui^^ x T is denoted by {Hdt')i^j.,s)i{Hdu')i^r,s) G ^^(t^i(rs) ^ '^)^ and placing 
them at the (r, sY^ spot in the Hochschild complex will be denoted by, 

Hdt'(r^s) = 1 ® ••• ® «)•••«) 1 e 21°;;;;;};;;;;°, 

Hdu\r,s) = 1 ® • • • <8> (-ffdw')(r,s) • • • «) 1 G SIq;;;;;};;;;;!]. 

Denote by f)2fc'2^^ ^ ^^2k+2e^'''^ the following sum, 

^2k^2e^ — X] X] n n fc~r7~~T 

fc(i,i,,...,fc(p.,) > ^(i.i),---,^(p,<j) > '■=1^=1 

fc(l.l) -!-••• + *:(p,g) = ^(1,1) + • • • + ^(p,g) = ^ 

• [iHdt\^ ,,^ * ' • [iHdu\r,s)) * ' ' • exp + i^'lt-.s) + *^[r,s)) • 9{r,s)- 

Furthermore, hol^j^'i^^'' G fl{J\f(j>,q,U),C) is defined as, 

holi'kT ^^'^'^"^ {&) ^ ^''^''imP, 1M\ C). 
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(4.7) hol2k,2e = 7T-4r • ^''^^ • ( f {i^uH)dtdu^ ■ ( [ {LtH)dtdu^ ■ hoi. 



The following proposition expresses each higher holonomy as a product of DeR- 
hani forms on the total mapping space M^. 

Proposition 4.15. The locally defined forms hol'^^-fl'^^^ define a global {2k + 21)- 

form hol2k,2t G Vl^^^'^^{M'^ with the restrictions hol2k,2t\j^(^p^ 
Explicitly, this Junction is given by 

i-iy 

k\-£l 

In particular, hol^fl — hoi. 

Proof. We will show that (|4.7p holds on any open set N{p, q, U) C Af ^ for some 
local data lA. The last statement about holo^ does not include any df or du' , so 
that, 

/io47'"^ - (W)* o/i(f'?^"xT) (j^i'^t''^) = = hol^P''^'''\ 

Now, since both (paa)* and ItiP^i^^^T^) are algebra maps, we obtain, 



p 1 



fe(l,l) + • • • + fc(p.,) = k Vr=l s=l ^('■^^) 
«(l.l) +••• +«(P.9) 



1 X^'^ 



/PI _ - \ ^ 

n n "^^P + + • ^(r,s) 



The last factor is evaluated as 

P Q 

' ' s)) •9{r,s} 



(4.8) ( n n exp + zi- + 



\^r— 1 s— 1 



hol'^^'k'^'"'^ ^ hol^P '^-^\ 



'0,0 

so that, 

'i-'(l,l)+--- + fc(p,<j)=fe \r=ls=l ^{r-s)- 



'i-'(l,l)+--- + fc(p,<j)=fe \r=ls=l ('■''')■ 
\r=l s=l / ■ \r=l s=l 



Afc / „ „ \ 

./jo;(p.<7.w) 



We claim that 

(4.9) (iMf't.,,)) ^ / {,^H)r-^,'-^) 



dtdu 



AixAi ^ P 



(4.10) = - / (,,if)f!_^±l,^^±i^)dtdy 
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Before proving these identities, we show how to finish the proof using (|4.9|) and 
(|4.10|) . Summing ()4.9|) and ()4.10p over r = 1, . . . ,p and s = 1, . . . , q, we obtain 



/io4fc'2'l^^ = 77 ( * ■ / {LuH){t,u)dtdu 

^' V JaIxAI / 

Thus, we see that equation (I4.7P holds focahy on any Af{p,q,U). Equation (I4.7P 
does in fact define a gfobal 2fc + 2£-ioTm M^, since ft.o^ is globaUy defined (see 
coroharv I4.12p . and so are JjiuHdtdu and LtHdtdu, since H is global on M. 
(For example, u^Hdtdu may also be defined via the extended iterated integral 
^;(i,i,{An)(//^(^ 1)) e rj(A/'(l,l,{Af})) of the global cover U = {M} for which 
AA(1,1,{A/}) = MT.) 

It remains to prove equations (|4.9|) and (|4.10p . 

Proof oj (|4.9p and (I4.10p . To prove the two equations, we will need to consider 
vector fields on as well as vector fields on (M x T)^. Since the latter space has 
two natural T actions, we will distinguish them by writing the torus in the base 
with a prime, i.e. we write the space as {M x T')^ where T' = T. The two natural 
vector fields on A/^ are denoted by t and u, and similarly t{M x T') and u(M x T') 
are the vector fields on {M x T')^ coming from the T action in the exponent, and 
d/dt' and d/du' are the vector fields on (Af x T')^ coming from the T action in 
the base T = T'. Now, : N{p,qM) ^ J^{p,qM x ^'),PAf ■ 1 ^ il, -id), from 
definition 14.131 is T-equivariant where the T action on {M x T')'''' is the diagonal 
action of both tori T and T' , 

{t, u).pu{l) = (t, w).(7(-), -^d{-)) - (7(_ + (t, li)), -^id{_ + {t, u)) + {t, u)) 

= ili- + (t, = ")-7, -id) = p^{{t, u).7). 

Thus, we see that (p7v)*(t) — t(A/ x T') + d/dt' and similarly {pf^)^{u) ~ u(A/ x 
T') + d/du'. Note furthermore that /-(pj^) ^(pN),v{du') — for any vector 

field V, since pj^ : 7 i-t- (7, —id) is constant on the second factor. 

With these remarks, we calculate E^P'I''^'' (Tldt' (^r^s)) e VL^{N{p,qM)) by apply- 
ing it to two vectors fields v and w on M{p, q,U) as follows, 

^(P,«,W) (Wdt'^,^,)) (v,w) = (paa)* o/t(f^?^"xT') {Udi'i^r^,)) (v,w) 

(A« X . . . X Ai X . . . X A«) ew*(l ® • • • «) (i>---® 1)((paa)*v, (paa)*w) 

x(A'' X • • • X A^ X • • • X a") 

(T — \ -\- t S — 
, ^ ((paa)*v, (/07v)*w). 
p q ^ 

where we have used from (|4.3p that Jj^jev*(Lu) = Jjy, j dtduAL^(^MxT')i't{MxT')^{'tT'u), 
for any intervals / and J. Using the remarks from the first paragraph, we obtain 
that this is equal to 

/ dtdu A (t(p^).u - ia/9«')(''(PAf).t - ^d/dt') 

JAixAi 
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'r — I + t S — 1 + 



'-, j ((paa)*v, (paa)*w) 



AixAi 

, , /?' — 1 + t S — 1 + 

didu A (tu)-ff , (v, w). 

AixAi ^ p q ^ 

This shows (|4.9p . and a similar calculation for E^'P''^'^^ (^Hdu' (^r,s)) (with an addi- 
tional minus co ming from commuting {~''d/du'){''(pM),t) = (''(pAr).t)('-a/a«')) also 
shows equation (|4.10p . □ 

This completes the proof of i3roposition l4.15l □ 

We may rewrite hol^j^1^\ at least partially, in a more explicit way using the 
notion of allowable matrix as defined in remark [4. 101 

Remark 4.16. We have for a torus (7 : T M) e N{q,pM), that 

mi , . . . , 'nip > allowable K, L C {entries of 2's in M 
ni , .... rig > matrix M that are not in an edge 

size m X n row or edge column} 

K n L = lli,\K\ = k, \L\ = I 

IP / / • 1 ■ 1 



^ n n 9(r,3) [ 7 



A ^ 



^ ^ ^ ' entries 2 m M, 

given at position (r, s) 
in the (i,j')'s subrcctanglc 



where 



' ''u^(^j) (u), if the "2" is on an edge row 

Lt-^(i (^), if the "2" is on an edge column 

j) ") = < tui? (t, m), if the "2" is at a position in K 

LtH{t, u), if the "2" is at a position in L 

, Lti-aB(^ij'^{t^u), otherwise 

Sketch of proof. It is /io/^^.;^2f ^ — (PA/-)* « It^'^'P'^'^'^^ {^2^^^)^ and similarly to 
remark [4. 101 we can write, 

(4.11) 

t)^r2f^= EE E ±aK,.(Af), 

mi, . . . , TTip > allowable L C {entries of 2's in M 

ni , . . . , 7iq > matrix M that are not in an edge 

of size row or edge column} 

(m + p) X (n + g) K nL ^ 0, ^ A:, |L| ^ ^ 

where aK,L(M) G OT^^f^^^''^ 
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Figure 6. An example of aK,L{M), with \K\ = 1, \L\ = 2 



Here, the allowable matrices are the same as in remark r4.10| and m — r7ii + - • ■ + mp, 
n = ni + ■ ■ ■ + Uq. The Hochschild chain aK,L{M) is given by replacing O's by the 
appropriate g(k,i)i and the 2's by the appropriate A'^ A"^^ or except for 

2's in K or L, for which we place the appropriate {Hdt')(^r,s) or {Hdu')(r,s)- An 
example is displayed in figure El 

With this, we can write a formula for It'-P''^'^^'^^ {aK,L{M)) for an allowable 
matrix Af and choices of K and L, at a point (7 : T ^ M x T) G J\f{p,q,U x T), 
up to sign, as follows. 



(4.12) RiP'^'^^^^aKAM)) =±nn5(..)(7 



(A"i ; 



where 



and 



p q 



i-l j-l 



<A'"p)x(A'*ix---xA"9) 



A 



X 



entries "2" in A/, 
given at position (r, s) 
in the (z,j)'s subrectangle 



l + tl. j-l + ui 



dt\... dul 



A™- = {0 < < • • • < C. < 1} 

A"^ - {0 < < ■ • • < < 1} 

''u^(7'j)(u), if the "2" is on an edge row 

i-tA^i (t), if the "2" is on an edge column 

X(ij){t, u) = < nLuHdt'{t, u), if the "2" is at a position in K 

Lti.uHdu'{t,u), if the "2" is at a position in L 

, Lti'uB(^ij){t,u), otherwise 
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with V and w being the two natural vector fields on (Af x T)^ coining from the 
torus action of the exponent of {M x T)'"'. □ 

For the next theorem, we denote by It{H) := (//(i ^)) e n^{M'^) the 

global 1-form, defined without subdividing the torus {i.e. p = q ~ 1), using the 
cover {M } for which A/'(l, 1, {M}) = M^, and where G 2tJ is given by placing 

H e il'^(M) at the non-degenerate 2-simplex; c.f. definition 14.71 

We now state our main result from this section, namely that the forms hol2k,2e 
satisfy the relation from figure [S] 

Theorem 4.17. For all k,£>0, we have, 

(4.13) dDB{hol2k,2l) = -Ltihol2k+2.2e) = ~Lu{hol2k,2i+2)- 

and all these expressions are equal to i ■ It{H) ■ hol2k.2e- 

Proof. First, we rewrite the It[H) in terms of an iterated integral, 

It{H) — / {iuLtH)dtdu = Lu {LtH)dtdu — —it / {LuH)dtdu. 
Jt Jt Jt 

We will use the equation (14. 7p from proposition l4.15l and since it and tu are deriva- 
tions with (tt)^ ~ (''u)^ = 0, and Lt{hol) = L^ihol) = by degree reasons, we obtain 

i't{hol2{k+i),2£) = (fc + 1) • tt (/t LuHdtdu) ■ jj^hol2k,2e = ~i ■ It{H)hol2k,2e, 

i't{hol2k, 2(^+1)) = + 1) ■ tu (/t LtHdtdu) ■ j^hol2k,2e = -i ■ It{H)hol2k,2e- 

It remains to check that di:)fi{hol2k,2i) — i ■ It{H) ■ hol2k,2e- We apply dun to 

2k,2£ 

(4.14) 



hol^f^'i^^^ which is given in definition 14.141 as 



U) 



r,s 

Here, E^^'^'^^ — {pj\f Y o H'^p^^-^'^^^ is an algebra map, and don is a derivation, and 

doRoipuT oit'^P'^''^--^){S2Hdt\.,,, 



^y^ipj^y ° doR / ev*{l . . .Hdt\^ . . .1) 

^T^^Pm)* I dDRoev*{l...Hdt\,^,y..l) 
-Y^^Pf^y I ev*{l...Hdt[^^y..l)^0, 



(since dDR{Hdt') — 0, and summing the integral of the global form Hdt' over 
(?(A^ X A^) for all r, s gives the integral over dT = 0). Similarly, we obtain that 

doR (^E^P'^'^\Hchi\r,s))) = 0. The last factor in (|4J4)) is hol^P-i-'^\ c.f. equation 
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(|4.8p . so that the claim dDR{hol2k,2e) — i ■ It{H) ■ hol2k,2i follows from the following 
equation, 



(4.15) 



doRihol) = i ■ It{H) ■ hoi. 



Proof of (I4.15|) . (The proof is analogous to the proof of the general proposition 
15.121 ') We calcualte on a local set 7V(p, qM) as, 



= exp Y^t- 

\ k,i ^^^> 



ev*{l...B, 



/ ■ 



1) 



+ z. / e^;*(l...A,,,_^, 



/ ew*(l...A 



n 



k,e ■'Ai 



'(fc,«) :'(fc,«-l) 



*(fc,<):'(fc,«-l)i*(fc~l,«-l) 



1) 



Since dofl is a derivation, we get that, 



IDR 



/ ■ 

k.l 



1) 



/ ew*(l...A, 



Ai 



1) 



^iik,t) ii(fc-l 



(fe.f) i»(fc-l,f) i'(fc-l,f-l) 



k,l 



k,£ 



■ doR 9 



>t(k,i) ,^(k-l,e) ,^(k-l,l-l) 



" 3i{k,e),i(k,e~i) -iik-i.e-i) 
k,i 



k,i 



We will show that the term in the square bracket is equal to i ■ It{H)\j^(^p^qpiy 
Integration along a fiber formula together with the relations of the connection of a 
gerbe (definition 14. 5p . give the following results, 



doR / ev*{...B, ...) 

JAixAi 

^(-^f I dDR{ev*{...B,^,,^...))-{-lf f ev*{...B,^,,^...) 

JAixAi Ja(AixAi) 

ev* (. . . •■•)-/ ei;* (. . . Bi^,, ,, . . . ), 

A^xAi Ja(AixAi) 
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where Hi 



(k.t) 



H\ui ■ Now, integrating over d{A^ x A^) means, that on the 



'(k.e) 



boundary of the face we integrate — -B^j^^j with the following orientations, 




Next, wc have 



doR / ev*{...Ai^^i^ ...) 

= [ dnR{ev*{...Ai„i,)...)-{-iy [ ev*{. . . Ai,,i, . . .) 

= — I eV (• • • (-Bjj — Bjj ) . . . ) + (74jj^j2 |(gn(jpt„ of ^1) — j4jj^j2 |(l3eginningpt. w of Ai))) 



Thus, at the horizontal edge ^ ^, we integrate 



^'(k,t) +'^*(fc-l,<) 



which cancel with the terms from the integral over d{/S} x A^), and similarly at 
the vertical edge | ^, we integrate 



which also cancels for the same reasons. Note, that at the vertex j."^, we have the 
following evalutations, 



(,k-i,e-i)''(k,e-i) " 



^(k-i,e) ''{k-i,e-i) 
~^*(k-i,e)''(,k,e) 



(k.ey'^^k.e-i) 



Furthermore, these terms cancel with the application of doR on the gi,j,k at the 
vertex ^y^. 



= 9 



^i(k,e),i(k-i,e),i(k-i,e-i) ' 9i(k,e),Hk,e-i),Hk-i,e-i) 
■doR (9i(k,e),i(k-i,e),i(.k-i,e-i) ' 5'i(fe,<i) ,i(fe-i,«_i) ) 
-i,e-i) ' doR {9i(k,e),i(k-i,e),Hk-i,e-i)) 



-1 

i(k,e)ji(k-i,e)!i(k- 



+9, 



(fc,«)i»(Je,f-l)>»(Jc-l,«-l) 
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■ {^i(k,t)-iik,e-i) + ^«(fc,j!-i)>*(fc-i,«-i) + ^«(fc-i,f-i),»(fc,£)) 
~ ' {~-^i(k,e) ,i(k-i,i) ~ -^i(k-i,i),i(k-i,e-i) ~^ -^i(k,e) ,i(k,i-i) ^i(k,e-i),i(k~i,t-i)) ■ 

Therefore, the only terms that are left over in the square bracket are 

kX -^^'xA' ^ kX ' 

This is what we needed to show. □ 

This completes the proof of (j4.15p and with this the proof of the theorem. □ 

Thus, wc have constructed the higher holonomy forms hol2k,2e, which satisfy 
the relations from equation (|4.13p . Using this equation (|4.13p . and a choice of 
numbers a, 5 G M with a + & = 1, we can now define the equivariant Chern character 
Ch{Q, a, b) for the gerbe Q as 

Ch{g,a,b):^ a' -b' ■hohk,2i- 

k>o,e>o 

To see where the equivariant Chern character lives, recall jAB[ §5], and define 

the space of t + u invariant forms on ri(M^) with the Witten differential Dj = 
d + it + iu- In fact, for every a,b € M. with a + 6 = 1, we can do slightly bet- 
ter by considering the following subcomplcx n{M'^)'^''-'''> of f7(M'')™''(*+") . Define 
ri(M''^)(°^^' to be given by the space 

^^^^^T^(a,6) ^^^^T^mi'(t),mt'(u),/ior( — fct+au) 

= {toe niM^Ctiio) - Cu{0j) = i^tt+au{uj) = O} . 

same induced differential Dj = d+ Lt + i-u satisfying (Dj)^ — 0. 
As a corollary, we have that Ch{Q, a, b) is a closed element in this complex. 

Corollary 4.18. For any a + b = 1 we have 

Ct{Ch{g,a,b)) = C^{Ch{g,a,b)) = i.bt+au{Ch{g,a,b)) = 0, 

and furthermore, 

DT{Ch{g,a,b)) = 0. 
Thus, Ch{g,a,b) is a closed element of n{M'^Y'''''^ C 17(M'')""(*+") . 

Proof. The first two statements follow from C = di + id and theorem 14. 171 For the 
horizontal statement, theorem 14. 171 gives that 

-b ■ itia''+^b^hol2k+2M) + a ■ L^{a^b'^+'^hol2k.2ii+2) = 0. 

Finally, to evaluate Dj{Ch{g,a,b)), we calculate the a'^b^ term of Dj{Ch{g , a,b)) 
as, 

d{a''b'^hol2k,2e) (a^''+^^6^/io/2(fe+i),2^) + (^a'^b^'^+^'^hohkaie+i)) 

^ (l-a-b)- a^b^ ■ d{hol2k,2i) = 0. 
This completes the proof of the corollary. □ 
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Remark 4.19. As in the previous sections, we could as well define an equi variant 
Chern character involving formal variables u and v of degree 2, by setting 



fc>0,^>0 



• • hoh 



By the same reasons given in corollary 14.181 we can check that Ch^"'^\G,a,b) is 
a closed element of the complex rj(M^)[u, w; m"!, 

with differential d + u ■ it + v ■ l^- However, the following proposition 14.201 which 
relates the various equivariant Chern characters for different a and b, will not hold 
for Ch'^''-''^g,a,b). There are also similar consequences when relating the equivari- 
ant Chern characters for the gerbe and its induced line bundle on LM which we 
will study in the next section, c.f. remark l4. 251 b elow . 

We now show how the equivariant Chern characters Ch{g, a, b) for different 
a, 6 G M with a + b = I relate to each other. Denote by 0a, fc the matrix 



a b 
-1 1 



G SL{2, 



with inverse i 



There is an induced map ^a,b '■ M'^ — >■ Al"^ by precom- 



position. Note, that under this map, we have the pushforwards, h)* (t) = t + u, 
and (<i>^^)*(u) = -bt+au. Using the standard fact {^a,b)*°i'v = '■(<s>~^),(v)°i^a..b)* 



for any vector field v, we see that there is an induced map : n{M ) 
n{M'^)(^'''\ We claim that the map {, relates the equivariant Chern characters 
Ch{g, 1,0) and Ch{g, a, b). 



a b 
-1 1 



e 5L(2,M), 



Proposition 4.20. For a,b £ R with a + b = 1, let 
and denote by ^a,b the induced map as above. Then, 

{<i>a,bnch{g, 1,0)) = ch{g,a,b). 

Proof. Using the fact that {^ab)*i^) ~ —bt+au, and proposition l4.151 we calculate 



{'Pa,b)*ihol2k,o) 




Afe 



LuHdtdu ] ■ hoi, 



0,0 



i^a,b)*iholofi) = 



Afc 



6t+, 



au 

Hdtdu I • holo o 



if'-' 



tt Hdtdu 



r-\-s—k 



uHdtduj ■ holo.o 

f y ( f y 

/ LtHdtdu j ■ a^ I LuHdtdu ] • holo o 



til 

T 
As 



a^b^hol2r,2s 

r-^-s—k 



Summing this equality over all A; > gives the claimed result. 



□ 
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4.4. Compatibility check. In this subsection we first recall the well known fact 
that a gerbe on M with connection induces a line bundle on LM with connection. 
We then show, for a given gerbe with connection, how the equivariantly closed 
extensions of 2-holononiy to M^, are related to the equivariant Chern character of 
L{LM), given by applying the construction of the previous section to the associated 
line bundle with connection on LM . 

Let C = {J7i, . . . , Un] be a covering of M , and let {gijk,Aij, Bi) be the datum 
of an abelian gerbe with connection Q on M . Recall from definition 14.51 that 
this means gij^k S r2°(f/ij,fe, C/(l)), A^j G VL^{Uij,M), and Bi £ n'^{Ui,M) are 
symmetric in their indices 

Aij — —Aj^i, and gij,k — 9j^i.k ~ 9j,k,i 

and 

Aj,k - Ai^k + Ai^j = i ■ gl'lkdgij,k on Uij^k 
Bj — Bi = dAij on Ui_j 

As before, we denote the 3-curvature by H, where H\iJi = dBi. We now construct 
a line bundle with connection on LM. As before, we denote by 1^ the interval 

for I < s < q. 



3-1 

q ' 



Definition 4.21. First, we define a covering C of LM from the covering C of M. 
Let 

C — {U{ii, . . . ,iq) : q > 1, and Ui- G C for all j = 1, . . . , q}, 

where U{ii, = {7 G LM : 7|/| C Ui^ for 1 < s < q}. 

By compactness and the Lebesgue lemma, C is a covering of LM. 

First, we define a local 1-form A^ on LM for a multi-index i — (ii, . . . , ig). On 

the open set U-- = U{ii, . . . , iq), we set eu* : LM M,j ^ j 1 and define 

= ^ • i^vlB^Ju + (ev'^y A,^_,^,}j . 

Let Ui = U{ii, . . . ,iq) & C and Uj — U{ji,. . . ,jq') G C. Without loss of gener- 
ality, we may assume that q = q\ (since we may take q" = \cm{q,q'), and write 
U{ii, . . . ,iq) = U{ki, . . . , kqii) and [/(ji, . . . , j,') = J7(^i, . . . ,tq"), where the kr are 
given by the is repeated q" /q times, and the ^r by the js repeated q" /q' times). For 
7 G Uir\U-- and 1 < s < g, we have that 7I/3 C C/j^ nt/^^ . Define 5. : C/.n?/-- U{1) 

by 

where we have set zq = and jo ~ jp to unify notation. 

Lemma 4.22. Using the notation from the last definition, the gi~- and A^ define a 
line bundle with connection on LM . That is they satisfy the relations 
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dA. = dA. onU... 
The curvature R, which is locally given by R\u-^ — dA^, can be written as 

R — i ■ I L,,Hdu. 



Proof. We will keep using the notation from definition 14.211 Since Ai^j^ — —Aj^,i^ 
^^^d = 9js,is,^s-l we have 35 3. = g^}. If we have 

another open set J/j = J7(fci, . . . , kq) e C with 7 G J/j n [/-■ n C/^., then SijSj.fe = 9lk 
since for all 1 < s < g 

e 1 ' ■ e 1 ' — e 1 
and, at 7((s — l)/g) we obtain, 

~ 9i^^ks,ks-i ' 9is,is-l,ks-i 

Now, on J7j n J7-- as above, we have Aj — Ai = d log g ■ - , since 
— i / Lu{Bj^ — Bi_,)du = — i / L-adAi^j^du, 

S = l -'^q S=l •'^q 

-^j2{ev'qrA,^_,^,^+^j2i^v^,rA^.-u^s = J2-'(.(^<y 

s—1 s—1 s—1 



^s=l / s=l 

9 \ ? 



^s=l / s=l 

^ q \ q 



\s=l / s=l 

We see that the claim follows, once we remark that, the integration along the fiber 
formula implies that 

d( / i^Aj^,^Ju^ = - /" LudAJ^^^Ju + {ev^+^y Aj^^,^ - (ev^)* Aj^^i^. 

^q ^q 

Finally, on [A, we have. 
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iHdu, 

so that the dA^ also coincide on intersecting open sets. □ 

The foUowing theorem gives a relation between the (higher) holonomies of the 
gerbe and the line bundle on LM defined above. 

Theorem 4.23. Let Q — {gijk, Aij , Bi, H) be an abelian gerbe with connection 
on M, and let E — (gij,A,R) be the induced line bundle on LM as in defintion 
\4-21\ and lemma [4-^^\ above. Denote by T : L{LM) Al'^ the adjoint mapping 
T('j)(t,u) = "f{t){u). Then, for all fc > 0, we have that 

holg^T*iholl^,), 

where hol^f^ is the bundle higher holonomy from definition \3.9l and hol^^ ^ is the 
gerbe higher holonomy from definition \4-14\ 

Proof. Let 7 : S*^ — s- LM be a loop in LM such that for each 1 < r < p, 7|/r c 

U-- — U {i(r,i): ■ ■ ■ , Hr.qr)) <^ ■ Wc wiU Calculate the hol2k, and since these are 
well defined global forms, we can assume that qi = ■ ■ ■ = qp = q, for otherwise we 
can repeat open sets as before. So we have r(7)|/rx/| C CA(^^, for all 1 < r < p 
and 1 < s < q. 

We first calculate hol^. From remark [3. Ill we know that holQ applied to 7 can 
be written as 

Now, we have 

' r — l\\ -TT I ( , f . f r — 1 



-1 



,u \ du 
V ) , 

r — 1 s — 1 



V 



and 



Substituting for ylj we have 

exp ^ j ^ Lt ^(-«) • ^ j ^ LviBi^^^^du + (ew^)*Ai(^^_jj,i(,_ dt 

= exp V'(-i)- / LtL^Bi^^ ^^dtdu + / LtAi 

\s=i Vi;x^ Ji; 



Now, taking the product over r — 1, . . . ,p, and using the fact that 

5i(r-l,s),j{T-,s),i{r,s-l) ' 5i(r-l,s),i(r-l,«-l),i(r,«-l) 



t, 1 dt 
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we get that 



p 9 / „ 

hoi§{j) = n n "^^p r ■ / 



-1 

'(r,s-l),«(r-l,s-l) ' 



Comparing this to equation (|4.6p for the choices made in proposition 14. 11[ we see 
that this is equal to HoIq Q{T{"f)) = T* {HoIq Q){'-f). 

Now, again from remark [3. Ill we write /loZ^ exphcitly for the hue bundle with 
connection on LAI as follows, 



hol^k = R{ti) . . . R{tk)dti . . . dtkj A hol(^ 

= l^(^J^R{t)d?j ^^o^o^ = ^(^_^ LuH(t,u)dtdv^ Ar*(/io/^o), 

where we have used lemma 14.221 in the last step. Now, from the explicit formula 
for the higher gerbe holonomy given in equation (|4.7p in proposition I4.15[ we see 
that the last term equals r*{hol2f^ q). □ 

We have seen that the equivariant Chern characters live in the spaces Ch{E, A) e 
n{L{LM)y'^<^'^ SMdChig, 1,0) e ^2(M'^)(1'°) = rj(M^)™''W'*™(").''°'-("), and both 
spaces have a differential given by D = d + tt, since tu = on ri(M^)'^^'''). Since T 
maps r : L{LM) -> Af^, we obtain an induced chain map 

r* : f7(jV//T-)mf(t),Jnf(u)./ior(u) _^ n{L{LM)y"'"^^'> 

mapping the equivariant Chern characters to each other by the previous theorem. 
Furthermore, we have the following. 

Corollary 4.24. Let Q be an abelian gerbe with connection, and let Ch{Q ,1,0) £ 
^}{Al'^Y^'^') be the equivariantly closed extension of 2-holonomy, using a = 1 and 
b = m corollary IJTTB^ Let Ch{E,A) £ rj(L(iM))'""(*) be the equivariant Chern 
character on L{LM) of the line bundle E on LM with connection A associated to 
Q. Then, 

{Kl°'^yiCh{g,a,b))=Ch{E;A). 

Proof. From proposition 14.201 we know (C/i(^, a, 6)) = Ch{Q, 1,0), and us- 

ing theorem 14. 23[ we have 

T*{Ch{g,l,Q)) =J2T*{holl,,) = Y.hol^^ = Ch{E;A). 

k>0 k>0 

This completes the proof of the corollary. □ 

Remark 4.25. We remark again that coroUaryESldoes not hold for C/i^"-") {G, a, b). 
What is still true by theorem 14.231 is that the chain map 

r*® (w^ 1) : (ri(Af^)[w,v;u-\w-i]]''™(*)'"'"("'''""'("),d + u-tt) 

{n{L{LM))[u, ,d + u-Lt) 
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maps Cft.*-"'^' 1, 0) to Ch^'^'' {E; A). However, the equivariant Chern characters 
Ch^'^'^^{Q, a, b) can not be related this way, since proposition 14. 201 fails in this case, 
c.f. remark 14.191 



In this section, we define the holonomy of a gerbe along a closed surface E in 
terms of a iterated integral construction similar to the one in the previous section. 
We will show that this coincides with the usual holonomy function defined in the 
literature, see proposition 15.101 

5.1. Simplicial sets and the local Hochschild complex. We now define the 
notions of simplicial sets, Hochschild complex subject to a local data, and its iter- 
ated integral map, which will be needed in the following subsection to obtain the 
holonomy of along any closed surface of an abelian gerbe. 

Definition 5.1. A denotes the category whose objects are the ordered sets [k] = 
{0, 1, . . . , fc}, and morphisms / ; [fc] — > [i] are non-decreasing maps f{i) > f{j) for 
i > j. A finite simplicial set X, is a contravariant functor from A to the category of 
finite sets Sets, or written as a formula, X, : A°p —> Sets. Denote by Xk = X,{[k]), 
and call its elements x G Xk the fc-simplicies of X,. The morphisms of A under 
the functor X, are represented by face maps di : Xk — >■ Xk-i, for i = 0, . . . , fc, and 
by degeneracies Si : Xk Xk+i, for i = 0, . . . , fc, satisfying the relations 



A fc-simplex x G Xk is called degenerate, if it is in the image under some degeneracy 
Si, in other words x = Si{y) for some y G Xk~i and some Si. If x is not degenerate, 
then X is called non-degenerate. 

The geomertic realization of X, is denoted hy X = |X, | = (U^ ^fc x A*^)/ ^, 
where A*^ is the standard fc-simplex. For more details, see }GJ1 IMaj . 

For later use, we record the following lemma which shows that every simplex has 
support on a unique non-degenerate simplex. 

Lemma 5.2. For each x £ Xk, there exists a unique non- degenerate x £ Xj, where 
j < k, such that x — Si-^ o ■ ■ ■ o Si^_. [x). 

Proof. We first prove the existence. When x itself is non-degenerate, then we can 
set X = X. If a; is degenerate, then x — Si^{xi) for some xi e Xk-i- If xi is 
non-degenerate, then we may take x = xi, or otherwise xi = 5^3(2^2) for some X2. 
In this way we arrive at some x = sio ■ ■ ■ o Sk^p{xk~p), which must terminate with 
some non-degenerate element that we denote by x = Xk-p. 

Now for the uniqueness, assume that a; = s^^ o • • • o Si^_^{x) = Sj^ o • • • o Sji^_^ (y) 
with non-degenerate x and y. We need to show that x — y. Without loss of 
generality, we may assume that p < q. The simplicial relations imply that for 
each degeneracy Si^ there is a face map df such that dii Si^ — id. Then x — 
di'^_ . . . di'^ Sij^ . . . Sifc_p (x) = di'^_ . . . di'^ Sjj . . . Sj^_^ {y). We now use the simplicial 
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di o dj 



dj^i o di, for i < j 
Sj+i o Sj, for i < j 
I Sj-i o di, for i < j 




for i ^ j, OT i = j + 1 
for i > j + 1 
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relations to move all the di/'s to the right of the Sj's, noting that cither a face 
map dk appears to the right of sj, or they combine to the identity. When q > p 
we see that there are more degeneracies than face maps, so that not all s^'s can 
be composed to an identity, and thus x can be written as a; = Sj' . . . (y), which 
contradicts the assumption that x is non-degenerate. Similarly, if p = g but not 
all Sj 's are composed to an identity, we get that x = sj' . . . (y) for some sj' with 
the same contradiction as before. Thus, the only possible case is when p = q, and 
each di' composes with some Sj to the identity, showing that x = id{y) = y. This 
is precisely what we needed to show. □ 

Wc now define the Hochschild complex, shufHe product, and iterated integral 
subject to local data on a manifold M. 

Let S, be a 2-dimensional set, i.e. the non-degenerate simplicies are only in Eq, 
Si and E2. Wc use the notation u G Eo for a non-degenerate vertex, e £ Ei for 
a non-degenerate edge, and / € E2 for a non-degenerate face in E,. For a vertex 
V, we will often consider inclusions ?; C e C / of a vertex v included in an edge 
e, included in a face /, all of which are non-degenerate. Here an inclusion v C e 
means that v = di(e) for some i = 0, 1, and similarly e C / means that e = di{f) 
for some t = 0, 1, 2. 

For the next three definitions, wc fix the following local data, starting from an 
open cover {Ui\i of M. To each non-degenerate vertex v of E,, we choose an open 
set Ui^ of M, similarly, for each non-degenerate edge e, we choose an open set Ui^ , 
and for each non-dcgcncratc face /, wc choose an open set Uij. We denote this 
choice of open sets hy U = {Ui^}y U {Ui^}e U {Ui^}f. We will be interested in 
providing an iterated integral map for the open subset Af{T,,,U) of M^, which is 
defined as, 

N'{T,„U) := {a e : a\y C Ui^,(T\e C Ui^,a\f C ?7ij. , V non-deg. v,e,f}. 

(Here, for <t G and a simplex s S E^, a\s denotes the restriction of a : 

liUk Sfc X A")/ ^)^Mto {s} X A^.) 

For a choice of local data U, we will define the Hochschild complex associated 
to U. 

Definition 5.3. We write 0(J7i^), 0(J7j^), 0(J7jj,) for the DeRham algebras on the 
open sets Ui^ , Ui^ , Uij, , respectively. For non-degenerate simplicies v, e, and /, define 

where the tensor product is over il{Ui^), 

where for the last algebra 2t(i;), we take a tensor product over all non-degenerate 
edges e, and faces /, with v C e C f. The relation ^ identifies tensors over common 
edges and faces. More precisely, for a = 0a(„^e,/) G ^vcecf ^i^iv ^ ^ ^v) 
and common edges w C e C /i and w C e C /2, we identify, 

(^'•a(„,e,/i) (8>a(„,e,/2) '^•••) ~ (a(v,e,/i) ®&-a(i;,e,/2) '^•••)' '^b € Q.{Ui^ nf/ij, 
and for common faces w C ei C / and v C 62 C f, we identify, 
(c- a(„,ei,/) <8>a(„,e,j) ® ...) ~ (a(^_ei,/) ® c - a(„,e,j) ...), Vc G fl{Ui^ n Ui^). 



(5.1) 



21(e): 



2l(w) = 
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Note, that for e C /, 21(e) is a module over coming from the inclusion 

Ui^ fMJij C Ui^ . Also, for w C e, 2l(u) is a module over 21(e), since with w C e C /1/2 
the map 

^{u^, n u^J^ ) ® n{u^^ n f/.,^ ) ^ niu^^ n c/,, n (7,,^ ) «> r!(c/., n n (7.,^ ) 

factors through Q.{Ui^ D Ui^^) ®n{Ui^) ^{Ui, n f/i^J- 

Next, we define a Hochschild-type space Ch'^"^^ subject to the local data U 
and its shuffle product, as in sections [3] and H] These are essentially the higher 
Hochschild complex and shuffle product as defined in [GTZI definitions 2.1.2 and 
2.4.1]. 

Definition 5.4. Let S, be a simplicial set, and let U = {Ui^}v U {Ui^}e U {Uij}f 
be a choice of local data as before. Define the Hochschild complex with respect to 
S, and U to be 

Ciji^.-")=0/'(g)2l(.x)') [fc], 

fe>0 VxGSfc / 

where, for any (possibly degenerate) fc-simplex x £ Efc, a; is the unique non- 
degenerate simplex associated to x from lemma 15. 2[ 2t(a;) is the algebra defined 
in equation (|5.1I) above, and [k] denotes a degree shift by k as in definition 14. II The 
tensor product over Yi]^ is defined as in section [4.11 namely as a coequalizer over all 
possible linear orderings of the set E/j. For an element a — (S'rrGSfc '^^ ^ CHi^"^\ 
we call k the simplicial degree of a, and we write |a| = J^x — k for the total 
degree of o. 

The differential on Ch'^"^'' is defined similar to the differential in definition 
13.11 That is, if di : — > Efc-i denotes an boundary of the simplicial set E,, 
the simplicial relations show that either di{x) = x, or di{x) — di{x). In either case, 
di induces a map df : 2l(x) ^ 21 (d,(a;)), df (a) a.l where 1 G 2t (rf,(a:;)). The 

map df is either the identity or comes from the fact that 2l(rfi(a;)) is a module 
over 2l(x), as described in definition 15.31 We therefore obtain an induced map 
(c^Os 2t(i)^{g)^es,_,2t(y), 

(dOtt : a. ^ My) ' 11 '^?("-) 

where the expression in the parenthesis is a product in 2l(y). With this notation, 
the differential D applied to an element o — ^^.^-^^ olx G CHj,^"^^ of simplicial 
degree k is given by a sum of the DeRham differential and the simplicial face maps 

{di)h 
(5.2) 

olt^aA := i^l)'dDB. ( (g) J + (-1)'+' ^(-l)'+i(d.) 

It is £)2 = 0, since = 0, and d! := E,Lo(-l)''^^(^Ott satisfies (d')^ = (which 
can be seen from the simplicial relations of the maps di) and c?djj o d! — d! o doR- 
The homology of this complex is denoted by HHi^"'^^ := H,{CH''^""\ D). 
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For the shuffle product • on CHi^"^\ we consider a degeneracy Si : Efe — > S^+i. 
It is always Si{x) — x, so that we get the induced maps (si)tj : (^^.g^ 2l(a;) — > 

(5.3) (sOs : (g) ^ (g) ' H 

If we denote by * : ((^ajGE^ 2l(:r))'^^ ^ 0a:eSfc ^(^) ^'^"^ product a^) * 

(®£ceSfc ''^^) ~ ®£ceSfc('^a: ' /^a:)' ^^^'^ '^^ define the shuffle product • as the 
product generated by 

( (g) 2t(x)) <E> ( (g) a(s)) ^ ( (g 2t(x)) ® ( (g a(x)) 4 (g a(x) 

xGSf 2;GSfc_|_f 

a.b:= (-l)'°''^-sgn(a)- 

■ ((s^(fe+^))t) ° ■ • • ° (s<7(fe+i))D(a)) * ((s<T(fe))tt ° • ■ • ° (Mi))tt(^)) ■ 
Here, the sum is over aU shuffles a £ S{k,£). 

We also have an iterated integral map : CHi^"^^ Q{Af{j:,,U)), 

where the image of this map is the De Rham forms on J\f{T^,,U) C defined 
via its Frechet manifold structure (see [Hi 1.4.1.3]). Using this notion of forms, we 
are now ready to define the iterated integral map analogous to the definition 14.31 in 
section 14.11 

Definition 5.5. The iterated integral map /t(^"") : ChI^"^'^ n{M{Y.,,U)) is 
given by pulling back and integrating along the fiber of the maps defined below. 
First, there is an evaluation map ev : x — ^ M^* — MapCEe, M), given by 



(^a: (^(JJSfeX A'^)/ 



M,0 < ti < ■ ■ ■ < ti < 1 ] {x e T.e) 



a(^[x,0 < ti < ■ ■ ■ < ti < 



Now, for an element a; S S^, we consider x from lemma [5.21 which is the non- 
degenerate simplex that supports x. Denote by Wx the set consisting of x together 
with all non-degenerate simplicies, in which x is included as a face, or face of a face, 

x = /el]2 ^ Wx = {.f}, 

x^eeSi => Wx = {e}U{f:e(lf}, 

x = v eY,o =^ Wx = {v} U {e : V d e} U {f : V C f}. 

Claim. We claim that when starting with an element a £ A/'(S,,Z//), the evaluation 
map lands in the combined intersection ev{a,ti < ■ ■ • < t£){x) G HygH' ^'■y' 

Proof. To see this claim, first note, that for x = Si{y), it is ev{(7,ti < ••• < 
ti){si{y)) = cr([y,ti < ■ ■ ■ < ti < ■ ■ ■ < ii]), so that when x — Si^ o ■ ■ ■ o Si^{x), we 
have (for some ji, . . . , jr) 

ew(cr,ti < • • ■ < ti){x) = a{[x,ti < ■ ■ ■ <t~l < ■ ■ ■ <t~l < ■ ■ ■ < ti]) G U^.. 
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Similarly, when x — di{y) then ev{a,ti < ■ ■ ■ < tk){di{y)) — a[[y,ti < ■ ■ ■ < ti < 
ti < ■■■ < tk]), so that for non-degenerate y, this also lands in Ui^. A similar 
argument works for x — di{dj{z)). □ 

Thus, we have the map ev : J\f{Y.,M) x ^ DxeE^ {p\yew^ ^h) ^ 

On the other hand, we also have an induced map ^px '■ 2t(x) — ?> rt{f]y^^ ^iy)- 
For non-degenerate faces x = f this is the identity id : 2t(/) = r2(C/i^), for non- 
degenerate edges X — e the projections ri(t/i^ fl Ui^.) — s> ^{Ui^ fl Hec/ ^'/) 
(e C /) factor through tensoring over il{Ui^), and for vertices x — v the maps 
^^(f/^„ n n t/,,) ^ fi(C/,„ n n,ce n n„^^ C/,,) for aU {v C e C f) factor 
simultaneous through ^{Ui^ fl C/^J and ri(C/i^ n Ui^). 

For an element a e ChI^"^^ = 0^>o (<8):res, that is in the simplicial 

degree-^ component, the iterated integral It^^"^'>{a) G ri(7V(S,,W)) is given by 
using the maps ipx together with the diagram 




/a* 
AA(5].,W) 

More precisely, we can define the iterated integral on the degree-^ component 
0a;es, 2l(a;) as the composition 

: (g) (g) 1] I fl {/, 

^ ri(AA(s.,iY) X AO ^ ^l{^/{^„u)). 

In short, for an element a E CHi^"^^ in simplicial degree £, we can simply write, 

(5.4) It^^-'^^lia) = / ev*{®Ma)) e r!(AA(I].,iY)). 

One of the main properties of the iterated integral is that it respects both the 
differentials and the products, just as in proposition 14.41 

Proposition 5.6. It^^*'^'> commutes with differentials and products, 

It<'^"^\D{a)) - dDBXlt'^''-''Ha)), and It^^"^Ha • b) = It^^"^\a) A It^''-^\b). 

Proof. The proof is similar to |GTZ1 lemma 2.2.2, proposition 2.4.6] and proposi- 
tion |431 (see also propositions 13. 6p . We start with the differentials. We calculate 
doRilt^^'-'^Ka)) as follows. 



T-DR 



(/t(^-")(a)) = dDR(^j^^ev*{®xM^)) 



^ (-1) • / dDR{ev*{®x^x{a))) ~ ev*{®x^^{a)) 

Since d commutes with ev* and is a graded derivation under the tensor product of 
maps ®x'4'x^ we see that the first term is exactly (—1)^ • j^t &v* {dDR[®x''Px{<^))) = 
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J^e ev* {(S)x'4'xd{a)) = It^^'-^^ (da), where d is the first term on the right hand side 
of (j5.2p . For the second term that is being integrated over (?A^, we use that the 
boundary 

= y a,A^ = |J{0 = to < ti < • • • < = U+i <---<ti< tf+i = 1}. 

i=0 1=0 

Since A^~^ — diA^ is orientation preserving exactly when i is odd, we obtain 

where (di)tt niuhiphes the terms as in the second term on the right hand side of 
equation (|5.2p . This shows that we get exactly It'-^"^^ (D{a)) , proving that the 
iterated integral is a chain map. 

Next, we consider the shuffle and wedge products. First we rewrite the wedge 
product of two iterated integrals, 

It^^-'^^a) A It^^"'^\b) ^ [ et;*(®,es.V^.a)A / ev* i($^es,jPxb) 

JA''xA' 

= (-l)!"!-'' V / (ew,ew)*(®^gE>^oA(^^6E,V'a;b), 



where for a (A:, ^)-shuffle a G S{k,e), the map P'^ : A^+^ ^ A'= x A^ (ti < ■ • • < 
tk+t) ^ (ta(i) < ■ • ■ < tcr(fe),tcr(fe+i) < ' ' ' < t<T(fe+<;) ) IS uscd to dccomposc A* 



A^ = UaeSffe £) /?'^(A'^+^). Now, we have a commutative diagram. 



{ev,ev) 

J^^k+e a- M^'= + « X Af '^'^ — a- M^'' X 

Here, diag is the diagonal on , 77^ : M^''+'- -> M^'' is given by 77^ = M*''('=+i) o 

. . . o M*-('=+^, and similarly t?^' : M^'=+'^ -> M^*^ is 77^' = M^-ci) o • • • o M^^C"), and 
we can check that the diagram commutes, since for x S S^,?/ e E^, we have, 

(ew, ew) o {id X /?'^)(7, ii < • • • < y) 

= ta{l) < ■ ■ ■ < ta{k)],l[y, taik+l) < ■ ■ ■ < ta{k+i)]) 

= (l[Saik+£)°- ■ ■°Sa(k+l)ix),ti < ■■■ < tk+e],j[Sa(k)°- ' ■°S„i^i){y) , ti < ■■■ < tk+i]^ 

= iVa X Va) ° diagoev{j,ti < ■ ■ ■ < tk+i)(x,y). 
(Note also, that in the above diagram, the evaluation maps really land in the 
corresponding subsets JlajeEfc (Clyew^ ^'y) M^'' , etc., as described in definition 



5.5[ which we have suppressed for better readability.) Thus, we see that It^^"'^'>{a)A 
It^^'-^\h) is equal to, 

V (-l)l''l-^sgn(a) • / ev* odiag*{{r^'„y{®x^xa)hKy{®xM). 



TeS(k,e) 
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Now, the T]'^ and ifl add degeneracies to the a and b which, together with diag, 
becomes the shuffle product, since we have the commutative diagram 

and the fact that diag acts as the ★-product in definition 15. 4[ diag* o {{(ijxipx) (H* 
i^xi^x)) = i^xi^x) °*- We thus see that the above equation becomes, 

/t(^-'^)(a)A/t(^-'^)(b)= / e«*(®,es,+,V'x(a.b))=/i(^-")(a.b). 

This completes the proof the lemma. □ 

In the case where all open sets Ui are chosen to be Ui = M, we see that 
A/'(S,, {M}) = M^. If we furthermore assume that M is 2-connected, then the iter- 
ated integral map is a quasi-isomorphism /i^^'-^^''^^) : r2(7V(i;,, {M})) 
n{M^), see pTZl Proposition 2.5.3]. 

5.2. Holonomy along a surface. Using the datum of a gerbe from definition 
14.51 we now define a natural element in a surface- Hochschild complex CH^^"^^ 
associated to the local data U. 

In this section, we assume that E, is a regular simplicial decomposition of a closed 
surface E. More precisely, we assume that the geometric realization |E,| — E, and 
E, is a regular simplicial set according to the following definition. 

Definition 5.7. Let E, be a 2-dimensional simplicial set, i.e. the only non- 
degenerate simplicies are in E^ for i = 0, 1,2. Then E, is called regular, if every 
edge e is include in exactly two faces, e C /g and e C and for w C /, a vertex 
included in a face /, there are exactly two edges that are included in between v and 
f, V C e'^ j: C f and w C e" ^ C /. More formally, this means that 

V non-deg. e G Ei : There are exactly two non-deg. ^ /" G E2 
with = e = d,„{f'J) for some i' , i" G {0, 1, 2}. 

V non-deg. u G Eq, / G E2 : If dj{di{f j) v for some i G {0, 1, 2},j G {0, 1}, 

then there exist exactly two non-deg. ^ 7^ e" j G Ei with 

di'if) = e',j and d-j>{e^j) = v for some i' G {0,l,2},j' G {0,1}, 

= el J and d,"(</) = v for some i" G {0, 1, 2},/' G {0, 1}. 

We remark that for every surface E, there always exists a regular simplicial set E, 
whose geometric realization is the given surface, |E,| = E. For example, one such 
decomposition is given in |GTZ[ equation (3.1)]. For a regular simplicial surface, 
we obtain natural elements in the Hochschild complex which we describe next. For 
this, we need to use the sign induced by comparing orientations of a simplex and 
its faces. 

Definition 5.8. If z; is a vertex in the boundary of an edge e with arbitrarily chosen 
orientation, then we set piv, e) G {+1, —1} to be -1-1 if v is the beginning point of 
e, and —1 otherwise. 
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Furthermore, if / is a 2-simplex, and e is an edge in the boundary of the /, both 
with arbitrarily chosen orientations, then we set p(e, /) G {+1,-1} to be +1, if 
the orientation of e coincides with the orientation induced by /, and —1 otherwise. 
Here, the induced orientation is the one described in our convention 1 1 . 1 f 2 ) . (For 
example, in a simplicial set, if e = c?i(/), then p{e, /) = (—1)*+^.) 

Finally, define p{v, e, f) p{v, e) ■ p{e, /). 

Definition 5.9. First, there are natural elements in each 2l(/), 21(e), and 2l(v), 
given by % := Bi^ e 2t(/),Ae := (p(e, /^) ■ A,^,,^, «) 1 + p(e, /^) ■ 1 (E) A,^,^^.,,) G 
21(e) (where and /" are the two faces adjacent to the edge e), and := 
®(v(ie(if){9i^,i^,ifY^^''^'^'' G 2l(u), wherc the product is over all e and / with v C 
e C / for fixed v. Furthermore, these give rise to natural elements (each of total 
degree 0) in CJ?i^"'^\ by: 

B^' e 0^gS2 2t(s) C Ci/i^'^"\ S^' := 1 (8) • • • (g) 1 (g) % (g) 1 ® • ■ • (g) 1, 
• e 2l(s) C CH!^"^\ A^' 1 g) ■ • • g) 1 g) ® 1 g) ■ • • g) 1, 

5?' e O.eso 2t(s) C CH^J^-^\ ^J- := 1 (g ■ • • ® 1 g) 5„ g) 1 ® • • • g) 1. 
Then, define 

Then, let hol^^'^^'> € n°{M^,U{l)) by setting hol^^'^^'> 

We can describe the holonomy function hol'-^"^^ e i}°{M{T.,,'U), U{1)) with the 
usual formula for holonomy, c.f. jGR| (2.14)]. 

Proposition 5.10. Let a G N{Y,,M) C , i.e. a : S A/, so t/iat t/iere is 
an induced orientation on each face f coming from and chose an arbitrary (but 
fixed) orientation for each edge e. Then we have, 

= exp(5]*. I a*{B,^)-J2t-p{eJ)- fa*{A^,A ■ [] sfiZ^K^)) 

V / •'^ eC/ J vCeCf 




Proof. By proposition l5.6l the iterated integral maps shuffle product on the Hochschild 
complex to the wedge product on forms of the mapping space f2*(Af^). Thus, 

/io/(^-")(a) 

=/i(^.'^)(exp( y: ^-Bf- E -^e-)-( n 

\ \ non-dcg. / non-dcg. e / \non-dcg. v J J 

= exp( ^ ■It^''"^HBf ')i<j)- Y ^■It'^''"^\Af'){a) 

ynon-dcg. / non-dcg. e 

n /t("-"H5?-)(a) 

1 non-dcg. v 



AO 
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For the resuh, it now suffices to calculate the iterated integral map on bJ' , A^' , 
and g^' . 

(5.5) It'^^"^\Bf'){a) 

= J (m^ X A2 ^ M^^y (1 ® • • • B,^ ® • • • «) l){cr) = cr*{B,^), 

(5.6) It<^^'''^\A^'){a) 

(m^ X Ai ^Af^y (f®.-.®(p(e,/^)-A,^,,^,+p(e,/^')-^.e,*,»)«'---«'l)(fT) 

Je J e 

(5.7) /i(^-'^)(.9?-)(a) 

X A" ^ Af^«)* (1 S5 • • • ® (»(.cec/)5fir/,^) ® • • • ® 1)(^) 

vCeCf 

This completes the proof of the proposition. □ 

Corollary 5.11. The hol^^'^^'^ glue together to a globalO-form hoi G n°{M^, U{1)) 
as 

holW(j:,,u) = hol^''"'^\ 

Proof. It is a well-known fact that the formula in proposition 15.101 give a well- 
defined function, i.e. transform correctly under change of the choices of open sets, 
see e.g. [GRl section 2.2] or |RSi section 2.2]. □ 

We can also calculate the differential of the holonomy in general. To this end, 
denote by 7?^ * G CHl " ' the sum of placing the 3-curvature H at all non- 
degenerate faces subject to the local data (S,,ZY), 

Hf' e a(s) C CHi^"'^\Hf' ■.= l(g)...l(g)H(E>l(E)---(g)l, 

similar to the definition of B^' in definition [531 The local 1-forms It^^' '"^ ( E/ ^f' ) ^ 
57^(A/'(E,, W)) coincide on the puUback of their intersections, and we denote by 
It{H) e ri^(A/^) the global 1-form obtained from this. 

Proposition 5.12. If we write hoi e n°{M^,C) and It{H) e D}{M^,C) by abuse 
of notation, then we have the identity, 

doR (hoi) = i ■ It{H) ■ hoi e n\M^,C). 

Proof. We check the formula for an open set N{Yi,,lA) C Af^ of some local data lA, 
and use the calculation from equations ()5.5p - ()5.7p in the proof of proposition l5.10l 
Since doR is a derivation, we get that dnRihol^'^"'^^) is equal to 

= duR fexp h:^Bf'-J2^AA - IT 5?' 
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ev*{l(g) ...Bij 1) 



-^i-p(e,/)-/ et;*(l®...A,^,,, •••0 1) ■ [] 

eCf ) \v<Ze<Z 

exp V i • / ei;* (. . . Si ) - V i • p(e, /) • / 
Y,^■ I ev*{...B,^...) 



c/ 

eD*(. . . Aj^^jj, ...) 



n 



vCeCf 



ec/ 



E -p(v,eJ) , (P(v,eJ}^ 



uCeC/ 



In the last expression, the terms in front of the square bracket is precisely hol^^"^\ 
so that we are left to show that the term in the last square bracket is equal to 

Now, the integration along a fiber formula, and the relations of the connection 
of a gerbe (definition 14. 5p . give the following results, 



doR / ev*{. ..Bif.. 

JA2 



i-iy dDR{ev*{...B,^....))-{-lY ev*i...B.,^...) 



A2 



aA2 



A2 



ev*{...H...)- / ev*{...B,. ...), 



together with, 

doR / ev*{...Ai^^i ...) 
Jai 

= (-1)'/ dDR{ev*{...A,^,,^)...)-{-l)^ [ ev*{...A^^,^...) 
JAi JaAi 



Ai 



ev [...[Bi^ -^ie ) • • • ) ^" (^ie ,i/ I (cndpt. w of e) ,i/ I (bcginningpt . of e) ) i 



and, 



Now, several terms from the square bracket cancel as follows. For each boundary 
component e of /, i.e. e = di{f), we have 



aA2 



e«*(...B,, ...)-(-p(e,/)) / ei;*(...B,^ ...) = ± / e«*(. . . S,^ . . . ), 



Ai 



(other) 



whereas the term -~{—p{e, /)) J^i ev* (. . . {—BiJ . . . ) appears twice for the two dif- 
ferent faces / = /g, /" with opposite orientations p{e, /g) — ~p{e, /"), so that these 
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terms also cancel. Next, at the beginning point v' and endpoint v" of e, we have 
P{v', e, /) = p(e, /) and p{v" , e, /) = -p(e, /), so that, 

at v' : -{-p{e, f))A^^^^j - p{v' , e, f)A,^^ij, = 0, 

at v" : +{-p{e, - p{v" , e, = 0. 

Furthermore, p{v, e, /) • Ai^^i^ appears twice for beginning and endpoints v' and v" 
with p{v' , e, /) = —p{v", e, /), so that these terms cancel. Similarly p{v, e, /) ■ Ai^^i^ 
appears for the two edges e^ j and e"j (see definition 15. 7p . and the induced signs 
also necessarily differ j, /) = —p{v, e" ^, /) making these terms vanish. The 

only terms that are left over in the last square bracket are 

This is what we needed to show. □ 

One immediate corollary of proposition 15.121 is the analog of corollary I2.2r i'): 
compare this also with [Br, p. 239, equation (6-9)]. 

Corollary 5.13. // the 3-curvature vanishes, H — 0, then also d£)ji{hol) = 0. 

The above proposition 15 . 12l shows that the holonomy is not, in general, a closed 
form. In the case of the torus, this is rectified by the higher holonomy terms, 
leading to an equivariantly closed form on the torus mapping space, as in the 
previous section ID 

Remark 5.14. In the previous section, we have chosen to give the proofs of the 
properties of the holonomy function and its higher analogs on the level of forms 
on the mapping space; see in particular propositions I4.11[ 14.151 I5.10[ 15.121 and 
theorem 14.171 However, we could have equally well have given these proof on the 
Hochschild side, before applying the iterated integral map. We hope that these 
type of considerations may be useful in a future discussion concerning non-abelian 
gerbes. 
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